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The widely used Fiirster-Calanin-Dexter’s (PGD) procedure of representation of the clec- 
tronic excitation energy-transfer rate between donor and acceptor impurity molecules, 
imbedded in small concentration in molecular crystals, is discussed by the overlap, integral 
of their light emission and absorption spectra. It is shown that this representation is only 
an approximative one, therefore a correction factor to the optical spectra overlap integral 
is given. This correction factor dcpeiids on the distance between donor and acceptor mole- 
cules and has a longer range in the case of the interaction of the donor and acceptor elec- 
tronic excitations with acoustic phonons as compared to the interaction with optical pho- 
nons. The validity conditions of the representation mentioned above are discussed in detail. 
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1. Introduction 

The FGI) formula [l to 31 for the electronic excitation energy transfer rate 
PDd(R) between donor (D) and acceptor (A) impurity molecules imbedded in 
a small concentration in crystals is widely used [4] for the interpretation of 
numerous experiments on the study of the sensitized lumincscence phenomenon 
in solids. The attractiveness of this formula arises from the possibility to  
represent PDA through the overlap integral of the light emission and absorption 
spectra of guest molecules. In  particular, the F G D  formula was widely used for 
the calculation of the diffusion coefficient in a number of works [7 to 01. I n  
[5, 61 the approximate character of this representation was firstly pointed out. 
But the analysis made in [6] was only qualitative and practical use of the results 
in [6] is rather complicated. Therefore i t  seems important to consider the FGl) 
procedure of the PUA representation in detail and to estimate the separations R 
between the D and A molecules a t  which this representation would be a good 
approximation for PDA(R). It is shown below that in a more correct theory 
of PDA(R) a correction factor to the FGI) overlap integral appears, which de- 
creases with increasing R. I n  the case of a sufficiently strong interaction of 
donor and acceptor electronic excitations with acoustic waves in molecular 



778 S. I. GoLunov and Yu. V. KOKOBEEV 

crystals this correction factor may be of rather long range nature and its 
estimation becomes an important problem. 

2. The Resonance Energy Transfer Kate Pu* 
Let us firstly derive a general formula for P ~ A  considering a molecular 

crystal of an  arbitrary symmetry in which two impurity molecules, donor and 
acceptor, arc placed a t  lattice sites, n and m, respectively. We shall assume 
that 

a) there is one molecule in an elementary cell of the crystal; 
b) the energy transfer rate P D A  may be calculated in the first order of the 

nonsteady-state perturbation theory ; 
c) the energy terms of electronic excited states of host molecules are higher 

than the corresponding terms of guest molecules and well separated from the 
last terms; 

d) the interaction Hamiltonian of electronic excited states of guest mole- 
cules with crystal vibrations is linear in the displacements of nuclei from their 
equilibrium positions in the crystal. 

The assumption b) may be justified if the interaction of excited states of I) 
and A with the phonon field is sufficiently strong. Due to  assumption d) the 
account of the polarizability of the host substance results in a renormalization 
of the matrix element of the Coulomb interaction Vnm between ground and 
excited states of the D and A molecules, which, according to [lo], consists of 
replacing V,,, by the matrix element of an effective interaction V i t .  

The Hamiltonian of the system may be written in the following form : 
h 

I1 = A,BLB, + AmBA,Bm $- Veff (BLBm + BLB,) + 
+ ,Z hodX3,  + B Z  2 ho, ( W n )  bx + V ( n )  b:)(’) + 

X x + BA% 2 h o x ( v : ( m )  b x  + V(m) b:) (1) 

where BZ and B, are Bose operators representing the creation and annihilation 
of an excited state of the molecule a t  lattice site Z (Z = n , m ) ,  b: and b ,  are 
analogous operators for the x-th phonon with the energy ho,, A ,  and A,, are 
the energies of electronic excitations of the isolated D and A molecules, respec- 
tively, Vx(Z) is the electron-phonon interaction matrix element; x = q,  s, 
where q is the phonon wave vector, s is the phonon mode number. 

To calculate PnA it is useful to  introduce a “polaron)) rcprcsentation making 
the following unitary transformation fi = C ~ G ^ I - ~ ,  where s^ = BAH,$, + 
+ HkBmSm, Sl = 2 [b:V,(Z) - bxVz(Z)] .  Omitting the terms of the direct 

interaction between the excited I) and A molecules, which are unimportant for 
the present consideration, one obtains 

where 

x 

A h  

x 

- A  h A 

H = flo + Vnm -t Vmn , 

fi - A n  - ZIV,(n)1* Bt& + + 2 hoJL; (2) 
X 

Veff 
0 - (  x 1 

Pnm = nm esn B:B,,, e-S^- . 
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In the first order of the nonsteady-state perturbation theory the rate PDA 
is 

2n 
PDA = z @ ( E l )  (11 $nm 12’) (1’1 $rnn 1s) d(xF:I - ~ i , )  , (3) 

1 , l ‘  

where e(El) is the density matrix, IZ ) and El are the eigenvector and eigenvalue 
of the Hamiltonian I?,,, respectively. 

Using (2) and (3) one may write 
m 

where 

Further assuming that only one electronic excitation exists in the system 
considered, one finds 

m 

--a3 

where 
h Q  = (‘4, - A m )  + ,X Amx(I vx(m)12 - I v x ( n ) 1 2 )  

H 

is the difference between the electronic excitation energies of donor and acceptor 
molecules in the crystal. 

The calculation of the integral in (5) offers no difficulty (see, for example, 
Appendix in [ll]). One obtains 

3. The Approximation of the Itesonance Energy Transfer Rate PDn 
by an Overlap Integral of the Light Absorption 

and Emission Spectra of Impurity Molecules 

Let us return from “the polaron” representation to the initial one in (6): 
W 

-m 
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If now the two-particle correlation function in (9) is approximately presented 
as a product of the one-particle correlation functions as follows: 

(&'i(t) Brn(t) Z z ( O )  ( G ( t )  H n ( O ) )  <Hrn(t) G ( 0 ) )  (10) 

and the Fourier components of these one-particle correlation functions are 
introduced, 

g n ( -  E) = - eiBtlfi (Bi ( t )  Bn(0)) dt , 
2nh 's 

one easily obtains €'=A in the form of 

- w  

The functions Grn(E) and gn(E)  describe the optical absorption and lumines- 
cence spectra of molecules m and n, rcspectively. Indeed, in case of dipole 
optical transitions in the guest molecule the rate wrn(E) of the absorption of a 
photon with energy E (for the sake of simplicity the refractive index is assumed 
to be independent of the energy E in the frequency range of intorest) is 

( 2 7 ~ ) ~ E  
3h V Wm(E)  = 7.- IPEf12Gm(E), 

where V is the crystal volume, Pzf is the effective dipole transition moment of 
an acceptor molecule from its ground state to the excited one found by taking 
into account the polarizability of the host substance. 

The spontaneous emission rate An(E) of a photon with an energy lying in the 
interval E', E + dE is equal to  

where P:f is the corresponding effective dipole transition moment of the donor 
molecule, co is the light velocity in the crystal. 

For simplicity one can take into account only the dipoledipole interaction 
between the guest molecules averaged over all possible directions of vectors 
Pgf and P:f. Then theexpressionfor V z k  becomes V:; = f lP~f12- ~ P ~ ~ / ~ n - m ~ 6  
(see [lo]). Introducing the normalized spectral distributions f,(E) and F,(E) as 
A,@) = (l/tD) fD(E) and W,(E) = (cOQA/V) FA(E),  where tD is the radiative 
life-time of the donor molecule, QA is the total light absorption cross-section of 
the activator molecule, one obtains the known result [2] of the FGD theory 

It is interesting to note that taking into account the normrtliza.tion equations 



The Theory of Sensit.ized Fluorescence in Solids 781 

one may write expression (12) in a more gcneral form 

WTn(E) M E ) -  dE’ 
- J-- - A < -  

(17) - - - - - - - . 2n I V%jZ PI)* =-  - - - - 
h (l- w n m  -E - dB ) ( [d::) dE) 

The last expression for P,), is valid, in principle, a t  an arbitrary distance 
between guest molecules including the sinall distances a t  which the dipole- 
dipole interaction may be a crude approximation of the real interaction. But 
a poor knowledge of V:; a t  small distances makes (17)  of little value. 

Let us now discuss the approximations made when obtaining (10). For this 
purpose let us use the formulae for G,,(E) and y,,(E), known from the theory 
of light absorption and emission spectra of impurity centres (see, for example 
P21) 

where 0, and g l ( t )  ( I  = m, t t )  are 

2, = A I  - 2 haxl J’X(I)l2 , g t ( t )  = 2 I vX(Ql2 5 ‘ x ( t )  - (19) 
X x 

Substituting (18) into (12) and integrating over E one obtains the following 
expressions for PDA: 

- - -w 
where hl2 = An - A,,,. 

sists of neglecting the “interference” factor in (6) 
By comparison of (6) and (20) one can see that the approxiination (10) con- 

y ( t )  = exp {- 2 Re 2’ P:(n) Vx(m) t,(t) . 
X } 

Such neglect may be valid only a t  large distances bctween the molecules D 
and A, when (n - m) is much larger than the lattice constant a. Actually 
ri,(Z) - e(9.l and a t  (n - m) > a the “interference” factor mentioned, above 
is close to unity because the factor exp (iq(n - m)) rapidly oscillates. But a t  
(n - m) 

For an accurate determination of the critical distance R, a t  which (6) may 
be well approximated by (20) one needs detailed information about VX(Z). This 
information is very poor a t  present. The approximation V.’,(Z) - o;1/2 is gene- 
rally accepted (see the detailed discussion in [la], p. 184). Below the validity 
of (20) will be discussed in the latter approximation. 

a the situation may be different. 

Let us write (6) in the following form: 

-m 

50 physic8 (b) 71/2 
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and expand the sun1 iQt + gn(t) + qm(t) in a Taylor series near t = to, where to 
is the extremum (maximum) point determined from the following equation : 

- 
If y ( t )  = y(to) in (22 )  is taken approxiniately, one finds that PDA = ?(to) P M ,  
where "/(to) is a correction factor for FG1) formula (15) being equal to  

(24) 

Further treatment of y(to) will be carried out. separately for the electron- 

y(to) = clip - 2 2 I V,(n)( I V,(m)l cos (q(n - m)) &to) . 
[ x  I 

acoustic phonon and electron-optical phonon interactions. 

3.1 Acoustic phonons 

Let I V,(Z)l be of the form 
I -  - 

( 2 5 )  

where A(Z) is a constant independent of x ,  N is the total number of elementary 
cells in the crystal. The unknown value of A(Z) may be determined from the 
eniission (absorption) line shape of the impurity Inolecule. Assuming in case 
of sufficiently strong electron-phonon interaction this shape to be Gaussian [ 141, 
the value of A(Z) may be expressed through the line half-width r(Z) as follows: 

When obtaining (2G) the Debye phonon spectrum ox = c / q /  is used where c is 
t,he sound velocity; wD is the Ilebye frequency. I n  am actual case T > OD/2 

Now the condition of y(to) being close to  unit,y can be formulated. Substi- 
tuting (25)  into (24) and taking into account (27)  one finds that y( to)  =: 1, if 
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In  inequality (28) 2, is the root of the equation which results from (22) 

As it follows from (29) the value Zo depends on two parameters and TIB,. 

is 
ti - m /  T computed at  ql = 0.05 and T/BD = 3 

U 
The function 3' (1 - 
shown in Fig. 1. At in - nal/a > 1 the function F rapidly oscillates and de- 
creases with increasing In - nilla. The solid curve shown in Fig. 1 describes 
the dependence on In - nal of the maxima of F and corresponds to 

a 2  a 3  
the law F -(: - -,) t,hat differs from F - ( -  -- -) obtained in [ 7 ] .  In - .ml In - nal 
The behaviour of F a t  other values of ql and T/O, is similar. Therefore, 

, and instead of (28) one has 

The funct,ion A(ql, T/O,) computed a t  7'/8,, = 0.77 and 3 is shown in Fig. 2. 
w; 

F(n) . q m )  *'OD are known from any rqqq- P(&) If the values q = - - - - and q1 = 

I 700 - 70-7 
e e- 

70.' 

70-3 
0 02 04 06 08 , 

J--+ 71 ---+ a 

Fig. 1 Fig. 2 

Fig. 1. The function F (p k""!) a t  ql = 0.05 and T/O, = 3. The full line corresponds 

Fig. 2. The function A(ql) .  The upper and lower curves correspond to  Tie, = 3 and T/OD = 
= 0.77, respectively 

501 
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experiment, one can determine from Fig. 2 the distance R, = ( n  - ml,, be- 
ginning from which the correction factor y(to)  is unity in practice. Then if 
R, < R,, where A, is the characteristic radius of resonance transfer determined 
by (15), the approximation of P D ~  with the help of the overlap integral of 
luminescence and absorption spectra in (15) is good. I n  the opposite case the 
correction factor may be large and the use of the FGD formula may be mis- 
leading in some cases. For example, if 

T(n) = r(m) = 1500 cm-', D = 7500 cm-l, ojD = 70 cm-l , (30a) 

the values 17 and ql are equal to = 2 x respectively. Determining 
froin Fig. 2 A(ql, T/OD) = and substituting these values of A(vl ,  TIO,) 
and r,~ into (30) one obtains R, = 2a < R,. The typical value of R, is ten 
lattice parameters or more. Variation of the parameters does not change 
the result of the inequality R, < R,. It seems that one should be especially 
careful when using ?'up, (15) for calculating the host luminescence decay 
law in a binary solid solution, in which the exciton diffusion coefficient 
is sufficiently large (/G > A?,), and, therefore, in the electronic excitation 
transfer from host molecules to  acceptor ones the largest contribution is from 
the excitons which may migrate close to an acceptor molccule [15]. Therefore 
in this case the approximation (15) is valid only if R, < a and not if 

and 

R, < A,. 
3.2 Optical phonone 

In  the case of electron-optical phonon interaction using (25) one obtains 
the exponent in (24) being proportional to 6(n - m) and thus y(to) = 1. But 
if one takes into account the dependence of V,(Z) on q, the In - ml dependence 
of y(t,,) may bc long-range. The simplest anisotropic expression for V,(Z) which 
may be proposed is of the form 

where A is some vector of unit length. The value of A(2) may be expressed in 
terms of the luminescence (absorption) line half width r(2) as follows: 

(32) 

where ojo is the frequency of optical phonons (0, = hw,/k). Substituting (31) 
into (24) and taking into account (32) we find that the correction factor 
y(t,) = 1, if 
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In  inequality (33) 5, is the root of the following equation resulting from (22): 

By calculating the sum on the left hand-side of (33) one finds that k- - ~ - (,,-,,)” 
being in an agreement with the result obtained in [6]. Expressions (31) to  (34) 
may be used for finding the condition of y(t,) being close to  unity through 
the experimental paranietcrs of the emission and absorption spectra. Then 
determining the value 2, from (34) and averaging over all possible mutual 
orientations of the A and n - m vect,ors one can obtain the following inc- 

cu==8(ln2)ij,cosh . (%) 
If i j  = w 2 / r ( n )  r (m)  and = Qw,/(r2(n) + r2(m)) are available from any 
experiment one can determine from (33) the distance R, = In - mIc, beginning 
from which the correction factor y(t,) may be disregarded. 

It is interesting to compare the critical distance R, (30) and k,  (35) a t  the 
same parameters F(n),  T(m), Q, and T. Using the parameters (30a) and T =: 

= 300 OK it  is easy to prove that .& slightly decreases from ITc = 4 a  t o  2 , ~  3u 
with increasing w,, from 70 to 700 cm-l and, therefore, R, - R, < R, = 1Ou. 

In  conclusion i t  should be pointed out that in casc when the donor and accep- 
tor molerules interact with diffcrent phonon branches tho correction factor y(t,) 
is equal to unity y(t,) = 1 a t  an arbitrary distance In - ml. 

- 

4. Conclusions 

I n  the present paper the correction factor to  the overlap integral in optical 
spectra is calculated for both cases of interaction of donor and acceptor elec- 
tronic excitations with acoustic arid optical phonons. Prom the analysis of 
the elcctronic excitation energy transfer rate made above i t  follows that the 

above-mentioned correction factor ~ ( t , , )  = exp [( - R ~  -TI is important a t  

distances of some lattice constants (R, 2u to 4a). These values of R, are 
small as compared to the actual values of the characteristic transfer radius X,, 
which, as a rule, is close to  R, = 10a. Therefore the conclusion madc in [6] of 
a very important role of this correction factor in the Y G D  theory seems to be 
an overestimation for usual experimental situations. 

In --I 
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However, the use of the FGI) formula in the sensitized luminescence theory 

a )  calculation of the diffusion coefficient, 
b) calculation of the transfer efficiency from a host substance to acceptor 

molecules when the diffusion coefficient is sufficiently large (totD > 3,) 
may lead to significant uncertainties. 

in binary solid solutions for 
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