
\‘01u111c 94. nun1bcr 5 CHEMICAL PHYSICS LETTERS 4 February 1983 

ELECTKONK MATRIX ELEMENTS IN THE RADIATIONLESS RELAXATION THEORY 

OF RARE-EARTH IONS IN SOLIDS 

i!Ull-lh LUO 

I11c lirsl-order spt~rc~xin~~lc csprcssions for the electronic matrix ckments in tllc r;rdhtionlcss relaxation theory of 
I;I~~-GI~III km> in zntitls are @en. The non-ndhtivc cfrwts of li_gnd vibrations atd the forbiddcnncss of non-radiative 
Irrrnsitions in somr special CWJS arc dsscribcd. 

1. Introduction 

I<ildiilIi~~llir‘SS rclasation proccsscs involving rare-earth ions in solids are directly related to the quantum effi- 
ciencics of many ottittttttttt clcctrunic devices arid luminescetrt tnatcrials. llowever, due to the well shielded nature 
of the -It” states. rhe electron-pltottvtt interaction of rarc-earth ions is an example of weak coupling, and it is 
cxicr to work out approximate mathematical espressions for the radiationless transition rates. That is why there 
II;IW bwt so many discussions on this subject. The theoretical models already established [l-7] can explain 
IIXII~~ csprrintcrttal facts. such as the energy gap law and the special importance of effective cut-off phorion fre- 
qtrcricics lijr Ihc relilsaIi011 TillCS of t-arc-earth ions in solids. 

I lowew , the kxq’ of radiationless relaxation is still in its formative stage and most of the theoretical papers 
CCUWCII~IX~L’ WI pmal schenles. Very little work has been done 011 the pre-exponential factor_ However, in de- 
Iciuiilliilg the dcc3y rates and in discussing the selection rules, it is an important factor. Of other factors, the 
most impor tmit 011~ is the clcctroriic matrix element cdawafz,,, I&') ( or its square). In sane of the theoretical 

IIIL’III~~S [ 6.7j _ it is just left it as a parameter without further study. Actually, if we fully investigate these matrix 
dc~w~~ts. ntmy dit’fcrcnt kinds of effects i.an be described, for example, the effect intruduced by states of OP. 

prlsitc parity. rhc ~122~1 of ligand intermal vibrations, the forbiddenness of non-radiative transitions of rare-earth 
ions at ~catn,s~ttttnetris positions in solids, and so OIL Ray and Cl~owdl~ury [S] discussed these effects using the 
~tlcthd of hypcrsensitivc transition theory. Some of their conclusions can be rederived by limiting the basis set 
orilv 10 metal orbitals. 

III the present work WC followed the Judd-Ofelt scheme [9] and used the fomtalistn of Fong’s theory of non- 
radiative rrlasation to give detailed cspressions for the electronic matri.. elements. and some relevant problems 
are discussed. 

2. Theoretical espmssions 

As is well krww~t, in the weak-coupling limit the radiationless transition rate of the 4f electron transition from 
suttc (1 to sutc a’ cm be expressed as [6] 
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W (10 * = C (A& IC~u~I"/ft') exp(-u) J & exp[F(r + ifip)] , 
n1 -0 

(1) 

where 

Eq. (1) was derived by a time-correlation function method in the adiabatic approximation. If the generatingfunc- 
tion method is used in the CBO scheme, it can be shown that the radiationless transition rate can be expressed as 

where 

ci,. = (ii?lAEM’l’) hia v/aR P Pa - I ‘) 

From eqs. (1) and (2), it can be seen that either in the adiabatic approsimation or in the CBO approximation, 
the radiationless transition rates are proportional to the square of <ala VjaRilck’). it is necessary to study these 
matri. elements more carefully. V = V(r,R) includes the potential of electron-electron, electron-nuclesr and 
nuclear-nuclear interaction. as shown in eq. (3) and in the diagram: 

V(‘(r. R) = V(LN, RF) + V(LE, RF) + V(LN, RN) + V(LE, RN) + V(RN, RF) t V(LN, LE) , (31 

It can be assumed, in the CBO scheme, that V(RN, RF) and V(LN, LE) are independent ofR:on the other 
hand Y(LN, RN) and V(LE, RN) are independent of the coordinate r of the 4f electrons in the rare-earth ions. 

Thus in the calculation of <orla V/aR,-Ior’>, the potential V cm be treated as V(LN, RF) + V(LE, RF): 

v= -FJg-$ d7 = c B C k 4 ,. k4 kQ (i), 
. . 

(4) 

where Bk4 is [lo] 

Bkrl = --e J (-l)Qp(R) C,_,(~,V) (&/r$+‘) dr _ 
If the charge distribution of the crystal does not enter that of the 4f electrons, i.e. if the overlap and exchange 
interaction can be omitted, after replacing r”< by $, then V can be espressed as 

where 
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It should be noted that eq. (4j not only includes a point-charge contribution but also dipolar polarization and 
the quadrupolar contributions of the ligands. Actually, as Newman [ 111 pointed out, altogether ten different 
contributions can be incorporated into the crystal-field parameters, so that we can use eq. (4) or eq. (5) as a 
starting point to discuss the effect of ligand vibrations on the relaxation transition rates. The above parameters 
IIKI~ also include both point-charge and multipole electric interactions and can be used to discuss both single ions 
and polyatomic charged groups. 

As is well known, the first-order wavefunctions of 4f electrons in rare-earth ions can be espressed as 

(f”aSLJMll’,If”- ~Ia,S,L,J,M,) 
+ c ._..~ __ _._.. 

c-(!“-‘/a~) - E(f”a) 
- (f”-hZSILzJ,M,I. _ _ 

a2 
(6) 

where the summation 2 is over the different (fNa,S,L,JI~f, 1 states and the summation Zaq is over the differ- 
WI (f”- 1 Ia2S,L2J,nlq1gt~ce~. E(f”at) EE(PalSILIJIMI), E(f’*- ‘LoI)” E(f”- ’ &szL-J,Mz), and so on_ - I 
On the other hand, k-e and I’,, are respectively the even and odd components of the crystal field. The second 
term in ey. (6) is due to mixin g within the same configuration. The third term expresses the mixing with 4ftz - l??zZ 
(HI is an iutegcr, I?I > 4), the IIIOSI important configuration that mhes with 4ftJ is 4ff1-1 5d. Thus 

(1‘” - ’ la;S;L;J;_M; 11’ jf”cy’S’L’J’ilh 

In cq. (7). Ihe suuimikms X*; arid S,; . the enerdes E(f’lcr’), E(f” - 1 I cr;) and so on have the same meaning _ 
as in eq_ (6). 

_ 

Obviously. up to first order. the electronic matri.. elements can be expressed as 

kxla V/aR,,, la’> = K. + K, + h?, . (8) 

where Lo is the matris element between the unperturbed 4f wavefunctions. The first-order temts A’, and K; are 
matrix elements between unperturbed wavefunctions and first-order wavefunctions corresponding respectively 
IO mising within the sdme configuration and mixing of different configurations_ Following similar methods to 
those used in Judd-Ofelt theory [S,9], it is easy to work out all the expressions for Kg, K,, and A’; : 

ii, = ~f”aSL~~lf~?‘/~R,,,~f’~cr’SL’J~f’~ = (-l)s+L+J+J’+k*nl+l - 7(2J + 1) c c aA@R,,,) (4fl1940 
k=2,4.6 q 

(9) 

In deriving eq. (9) the following formulae have been used: 
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U”cSLJM&+I “tr’SL’J242 = crpln ulicqln (I”~SLJMI~~k)IZ”dSL’SM’) ) 

U”aSLJMIU~k~llllcu’SL’J ‘Ml)= (-l)J-” 
J -k 1 

-M q M 
(l”~SLJ1IU(~)lll”ol’SL’J’) , 

(z”asLJIIU(k)llZn,‘sL’S)= (-l)S+=+J’+k ([J,J’])lj2 
[;I ; <I” dL~lU~k~llrn dSL’) . 

<rlldkqlr> = (-l>’ [(2Z + 1) (21’ f l)] l/* 
(b “d :I- 

Similarly 

“t=C 
1 

aI E(f”a) - E(f’$) 
-t 

1 
c 

E(fJ’$) - E(fJQy,) k,k’=2.1,6 
Aka,.(aAk,/aR,) @f&t0 (a@‘140 

4.4’ 

.J k J; 
X 49(2J i- 1)’ (-l)J+J’+L+L’+M+hf’ _-M 4 ( I( 

s, 
M; _-M’ 

“: 3)(‘, i ;)(; ; 3J 

1 4 

In deriving the espression for K; , it should be noted that there are three odd crystal-Geld components contributing 
to the mixing of configurations with opposite parity_ As in Judd-Ofelt theory [9], it can be assumed that 

E(C - k;) - E(f” a’) = E(f’z- 1 Zcuz) - E(f%) = A(ff) _ (11) 

A(fZ) is the average separation between the 4f*’ configuration and the 4fJ1-t all configuration. 
As in Judd-Ofelt theory, it is easy to show that 

K;= c aA,, c u 
u=I,~ 5 aR,, 1=1.3,5 

(3 + 1) (-1y+q A@ 
4 

4 .A= 9.6 
P 

x wz CySLllUqf’~ CY’SL’) Z”(l, A) , 

where 

(12) 

Xu(t, h) = -14 F (-1)3+1’ (21’ -I- 1) 
(: 

x (4flP InzZ) <4flrf ImZ)/A(fZ) _ 

“t (t. A) here corresponds to r(r, X) in 3udd-Ofelt theory_ 
The doubly reduced matrix elements of U@) can be found from the tables of Nielson and Koster [ 121 and the 

3j and 6j symbolscan be found from the tables of Rotenbeg [13]_ Eqs. (9), (IO), and (12) can be used to study 
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the contribution of various effects and the selection rules for relaxation transitions. 
There is another perturbation, the vibrations of ligands, which will modify the wavefunctions of 4f electron in 

rare-earth ions. After taking account of this effect,Akeq 
and.-& 

, in eq. (lO),ArP in eq. (12) should be replaced byA6e4d 
respectively I 

where ~j drnotes the nonml coordinates of the vibrating complex and n, n’ are vibrational quantum numbers. 
The $(n) introduced here is the probability amplitude of a certain vibrating state n; we define 

I!Ns)I’ = P(V) - (14) 

~herc p(n) is 3s in Judd-Ofelt theory, viz. the probability of the vibrating complex in the state. 

3. Lkcussior: 

From eqs. (9). (I 0) and (12). it is easy to see that all the l&and vibration contributions to the radiationless 
transition can be indudcd in the crystal-Geld theory scheme_ These contributions not only appear as K; but also 

3s Kc, and K, _ Actually Akq can be espressed as 

\vherc XI represents the summation over all the ligands, when we refer to the rare-earth--1igands vibration. Let 
R, be the instantaneous distance between a rare-earth ion and its IigandL, 

(16) 

. On the other hand. when we discuss the effect of internal vibrations of the ligand goup, let RI, represent the 
normal-mode amplitude of the internal vibration of &and L, then 

(17) 

111 e+. ( 16) and ( 17). I = 0 corresponds to the point-charge contribution of the ligands, 1 = 1 to the dipole contri- 
bution. I = 2 to the quadrupole contribution, and so on. If the ligands are composed of single ions, aAkq/aR, 
will only come from eq. (16). but when the ligands are composed of multiatomic groups, both eqs. (16) and (17) 
have contributions to aAkq/aR,,,. Clearly, a.4,,/aR, appear at the same time in eqs. (7). (8) and (9). This means 
1l13f rhr internal and esternal vibrations of ligand groups both have contributions to K,, as well as to K,, K; and 
other hi&er-order terms 

If the internal vibration contribution to K. is forbidden, then the contribution to Ki will be more important 
than that to K’, (it is pointed out in the following paragraph that,K; has the same selection rules as Kb). So we 
cannoz associate any particular term with the special effect induced by l&and internal vibrations. On the other 
hand. the appearance of the effects of opposite parity states does not necessarily relate to the existence of &and 
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internal vibrations_ Actually, most of the examples cited in ref. [8] to support the effect represented by K; are 
rare-earth ions in simple ionic crystals. 

3.2. l7ze selection rules 

Clearly, Ko and K; will not be equal to zero only if 

so K, has the same selection rules as K;, i.e. AS = 0; AL . ( 6; AJG 6. If the initial or final state has J = 0, then 

AJ can only be 2,4, or 6. Because of the spin-orbit interaction and J-mixing, it will lead to a relaxation or even 
breakdown of these selection rules. Obviously, it is exactly the same as that of the electric dipole transition_ 
Talking about parallelism between radiative and non-radiative transition rates, we should first take account of the 
effect of K,. It should also be noted that there are three terms in K;, u = 1 corresponding to the “electric dipole” 
term. Unlike the formula for electric multipole transition rates, the factor (2mo/X)* does not appear here (ro is 
the atomic dimension, X is the wavelength of light). On the other hand (4firlSd), (4flr315d), (4flr5 1Sdi increase in 
order of magnitude [9], so the importance of the terms corresponding to u = 3 and u = 5 in eq. (12) should be 
considered_ 

3 3. Discussion of some examples 

(A) Clearly, from the selection rules given previously, for the 5Dr 
K; are equal to zero. In the case of the rare-earth ions M3+, 

+ 5Do radiationless transition, both A’, and 
the low non-radiative decay rate comes mainly from 

K,, as briefly mentioned by Weber [ 141. It should be pointed out that the 5D, + 5D0 non-radiative transition 
in Eu3+ is a very special case. in this case, not only is K, = K; = 0, but also K, is very small. This situation occurs 
because the only intermediate level lying near SD1 and which can provide a non-zero K, , is 5D2, but 5D2 itself 

has only a very low non-radiative decay rate. In more usual cases, even if K. = 0, K, will provide the non-radiative 
decay rates demanded by the exponential law, for example, the 4Ss,2 --f 4Fg,2 transition of Er3+ ions in Y203. 
IaCls, LaBrs and LaF, [ 14,151. In this case lJ, = <crS~llV(h)Ilcr’S~ > for X= 2,4,6 are all equal to zero [I?], so 
K, = K; = 0. But the non-radiative decay rate is only a little lower than expected by the exponential law_ 

In the case of rare-earth ions Mz+, for example the 5Dr + SD, transition of SmZi in BaCl?, BaFz and BaFCl 
crystals [16], the separations between these levels and the 4f”-I Sd states are narrow. The second-order term. 
i.e. the matrix elements between the third term of eq. (6) and the third term of eq. (7) become non-zero. In this 
circumstance, because the 4f”-r5d states are sensitive to changes in the host crystals, so the lifetime-temperature 
curves of the 5Dl state of Sm2+ are quite different from host to host. Of course, in this case the ii, term still 

has its effect_ 
(B) The forbiddenness of the non-radiation transition in the presence of inversion symmetry. There are many 

examples of forbiddenness of non-radiative transitions when rare-earth ions are sited at positions of inversion 
symmetry in solids. In these cases, not only is K;, the term corresponding to electric multipole transitions, equal 
to zero, but also, and more importantly, K. and K1 are equal to zero. The hi&er-order terms provide the low 

non-radiative decay rates. 

It is easy to see that A,, and aAk,IaR, should have different parity. In the case of inversion symmetry, 
when t is odd, A, = 0, and when t is even aA,jaR, = 0, then from eqs. (9) (IO) and (12) it can be seen that 
K. = K, = K; = O_ Classically. when V(R) = V(-R), av/aRl,,, o = O_ 
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4. ConcIusion 

The non-radiative effects of l&and vibrations, including the introduction of the same-parity intermediate states 
(represented by A’,) and the introduction of opposite-parity intermediate states (represented by K;), the for- 
biddenness of non-radiative transitions in some special cases, and so on, can be described by the generating-fitnc- 
tion method (or correlation-function method) and crystal-field theory. For promoting radiationless transitions, 
any effects that contribute to crystal-field parameter changes aA,,/aR, should be considered. It is clear that the 
ligand internal vibration as well as ligand-metal vibrations contribute to the zeroth-order term Ko, which appears 
to be the most important term in non-radiative decay. Because KO and K; have the same selection rules as electric 
dipole transitions. there is a parallelism of radiative and non-radiative transitions. It seems unnecessary to associate 
ligand-induced non-radiative effects with any one special term only_ In the case of rare-earth ions M3+, in addi- 
tion to the zero&order term Ko. usually the same-parity mixing term K1 is important, especially when the terms 
A’, and K; are forbidden. When the energy levels are close, the configuration with opposity parity (for example, 
SOIIX higher-energy levels in hi’+ ions) K; and the second-order terms (representing mixing with opposite-parity 
states) have their effects. There are altogether three terms that represent the first-order effects of vibration through 
the introducfion of opposite-parity states. 
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