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Abstract

[2-4] I+

Based on the general theory , the formula of RE
‘multiphonon nonradiative transition probability is derived by
adopting simplified approximations invelving single-frequency
model. Satisfactory agreement is obtained through the comparison
of theory and experiment. .

The principal differences between the present paper and
relevant literatures as well as the validity of simplified
approximation are discussed.

I, Introduction

Nonradiative transition is a very important problem in the study and design
of devices of solid-state luminescence and laser, because the competition
between nonradiative transition and radiative transition decides the efficiency
of luminescent centres.

The crystals that contain rare-earth -(RE) active ions take an extremely
important place in the solid-state luminescent and laser méterials, therefore
one is much interested in nonradiative transition of BE ions. The radiative
transition probability of RE ions (or intensity of spectral-lines) can be

calculated by applying the Judd-Ofelt theory[5’6].

However, although the theory
of nonradiative transition of BE ions has been studied (e.g.,Refs.[7-9]1),a
proper theory has not yet been established because of its complexity. Up to

now one still applies some phenomenological formulas to estimate nonradiative

transition probability[lo’ll],

In addition, nonradiative transition probability
can not be directly measured by experiment. Thus it is very.meaningful to
investigate the theory of nonradiative transition of RE ions.
The quantum theory of multiphonon transition has been develop?g ;ig?t of
»eTS . 8U

Zhao-bin and YU Lu have also developed the nonradiative transition theory in

[4]

all and developed further in recent &ears by K. HUANG and A. Rhys
their works On the basis of the general theory of multiphonon nonradiative
transition fromRefs.[2-4], this paper'has derived the formula of multiphonon
nonradiative transition probability for RE ions by adopting simplified approxi-
mations involving the single-frequency model. A comparison of theory with
experiments has 5een carried out.
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By far the most common valence state of the RE ions in solids is the
trivalent one, and we will discuss the trivalent RE ions (RE3+) in this paper.
For most practically important cases (e.g., laser ,crystals), owing to the low
concentration of RE3+ in crystals the energy transfer arising from ion-ion
interactions may be ignored. Therefore, it is the multiphonon nonradiative
transition - that makes the predominant contribution to nonradiative transition.
That is what we will discuss in this paper.

IT. Nonrcdiative Transition Probability

For the need of the discussions below, and being the foundation of the
present paper, some main results from Refs.[2-4] are recapitulated as follows.
In earlier researches on nonradiative transition, the so-called Condon

approximation has been adopted, that is, the nonadiabaticity operator obtained
3
Qs

dependent on the vibrational coordinates Qg. Corresponding theoretical esti-

with the chosen wave function has included

, and has coefficients not
mates for the transition probability, whenever subject to experimented com-
parison, have been found to be tco small (differing by several orders of
magnitude! ). Hence the '"non-Condon approximation' theory and the static coupling
theory whose results agree with the experiments are developed later. It is
shown in Refs.[2-3] that the Condon approximation involves an inconsistent and
consequently impermissible application of the perturbation method. Having:
remedied this mistake, Refs.[2,3] gave the formula for calculating transition
matrix element, which is much simpler than non-Condon approximation; it is
proved also that the non-Condon approximation theory and static coupling
theory have been unified in Refs.[2,3] within certain approximations. The
nonradiative transition probability has been derived through careful calcula-
tions in Ref.[3] as follows:

w=%]’c(u)e””)du , (1)
. Y12 B8, L
F(U)="1UWji+;;(§§)Ajil[Coth—g—(COSU81—1)+151HU81],

(2)

1 . 881 . 2

G(u)={§§E(1\ullJ>[(Ajl+Ail)+(Ajl—Ai1)(cosu81+1coth—§—51nugl)]}
1 1 sn2f K B8, L 3)

+ E%E(1|u1|3> (ZI)(COth_g_COSU81+151nU81) y (
) Glug . 1
where Aji.l:Ajl-Ail’AjlzT ’ gl- ml’ kT ?
1

w.. is the energy difference between electronic states j and i, that is, energy
gap AE.

By using the second quantization representation, Ref.[4] has further ac-
counted for the multielectron backeground effects and the self-consistency of
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the electron wave functions with the lattice relaxation, i.e., the initial and

' final states are multielectron states consistent with the different lattice
symmetry breaking. The nonradiative transition proﬁability has been obtained as
follows:

w=1 fG(T)exp(-F“T))dx., (4)

i
oo

BRw
F(r):iTwifi-%g;wvluz—vZIZ[Cth 5 V(l—cosmvr)~isinwv1] ; (5)

\

1 .t v v P
G(T)==ZE$Zi(ef|Kv[ei><ei|hu|ef>(uc-vc)-(uc—vc)

Brw Briw
Vs fq_ . Mo
S1nwv1)]l 1 (coswu1+1cth 5 SlanT)]

-[1—(coswv1+icth

1 + 1 Brw,, .
4~§§5(ef|Kv|ei><ei|Kv|e )———(cth—if—coswvt+1s1nva) . (6)

£ o0,
where for the symbols see Ref.[4].
If the self-consistency of the electronic states with the lattice relaxa-
tion and the non-orthogonality between initial and final electronic states

are not accounted for, Egs.(4)-(6) will reduce to Eas.(1)-(2)

111, Derivation for RE’* Multiphonon Monradiative Transition Probability
Formula

The 4f+4f transition for RE3+ will be discussed. The RE3+ in crystals
possesses the following characteristic: the partially filled 4f shell behaves as
an inner shell, which is deeply embedded within the RE3+ ion. (It is usually
called lanthanide contraction). Furthermore, the 4f electrons are "shielded"
by two electronic shells with larger radial extension (5s?, 5p®), Thus the 4f
electrons are only weakly perturbed by the crystal field, and the electron-
phonon interaction is also very weak. Experiment shows that for the case of
weak electroﬁ—phonon coupling multiphonoh nonradiative transition probability
W very rapidly decreases with increasing order p of the process. Hence, it can
be thought that the pﬁonon modes in the narrow range near the highest frequency
(i.e. cutoff) of the phonon spectrum make the greatest contribution to W.
Further, the contribution of these phounon modes can be considered eauivalent
to the contribution of the phonon modes whose freoguencies are exactly WorF?
that is, the simplified single-freouency model is adopted. Then, the analytic
expression for W can be obtained by using the steepest descent method.

By applying Eas.(1)-(3) (or Eas.(4)-(6)), from equation determined saddle

point

F, _ ¢h)
Gidu, =0
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we easily obtain

. B . -1 P
(iug +5)§, =sinh ~———so— (8)
277 S-cschggi ’
where
W, w,
o, = _J2 =x_1
Go=fw cpy P=5= S'TZﬁAjil )

i.e., K. HUANG-Rhys factor.
Thus, we have

cothﬁgicosu080+i.sinuogo=[csch2%§1”+(g)z]%
=[4ﬁ(ﬁ+1)+(§)2]%5H s (9)

B§°sinuo‘%o=§ . (10)

cosy &o+i-coth

Substituting Eas.(9), (10) into Eaq.(3) gives

] G(ug)=711—[§(i{ullfi>(Ajl+Ail)+-g§<i[ullj>(Ajl—Ail)]2
18 vy (y2
*5 80H 3,(1\u1|3> . (1

Tor the cases of weak electron-vhonon coupling, S usually is much smaller than
unity and we can assume

P . P
-§>>1 H H=§ .
Therefore, we have
cuod 22 BArsdifu (35, -a, D1+ E £ By ifu 5>, (12)
Ho 482 - 11d 517847 2 8o Sl 1d2%.

Here, the former term in the square bracketsof the first term of Eo.(1l1l)

has been omitted. The validity of this approximation can be easily seen from
Ea,.(6), that is,

1 Py, V__vi;2.1 P2 V V.2
7(1-3) [E\):(ef|K\)lei>(uc—vc)] o Sz[§<eflxv|ei;<uc-vc)1 .

Compared with the second term in Ea.(11), the omitted part is also small,
which can be seeén from the ratio of the first term to the second term in Eq.(12).
This ratio will soon be obtained. I

In order to simplify further the results, the following assumption is

introduced on the basis ofthe aforementioned single-frecuency model. Since the
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phonon modes in the narrow range near the cut-off freouency make the dominant

contribution to W, we may include only these modes in the summation I for
calculating W.

We introduce the ratio

<1|u 13> <i|ul}j)
i
¢3lu, |J> ¢ifu, [i

- . (13)
wy Biia

Having noted that the numerator and denominator of Ea.(13) both depend on

the strength of electron-phonon coupling of 1-th mode, it is easily understood

that through evaluating ratio, even if the dependence on 1-th mode does not

completely cancel out, R must vary only slightly with mode 1. Therefore we may

assume that R is a constant in the narrow range for summation

I mentioned above.
1
Thus we have

2
12 == — (T Rw2A%, )?
452

1 Pp?
I [‘ﬁ<1|u [ira
4S ll]l

Jil

[N
2 P2o> w? L2 2_p2p2 2.2
= 4szR eff(ZZﬁAJ i1 2") =PIRTETG, cp

and

B3P, 1sv2
2808%‘_‘(1]111]‘]) =

KPS (Rw2A, . . )22PR?K2w?
2weffsl ST17Fi1 ; efrf

That is, the first term is exactly P times the second term for G(u,) of
Eg.(12). Then we obtain

. 2,2 .2
G(up)2(P+1)PR* ¥ wlepe (14)

Furthermore, F(uy) has been easily obtained from Ref.[3]. Hence we have

=1 2m 3 F(uo) _1 2 ,.2,2 vam
w ﬁG(Uo)(m) e H(P+1)PR irwl
tw SE
eff
-exp{—s cothﬁgﬂL + B§2§°- + SH-P - sinh"l—ia}

Scsch6$°

By rewriting and using H=é§-to simplify this expression, we finally obtain
the multiphonon nonradiative transition probability for RE3+ as follows:

p
—(lng—l)P

W=Bu_, e /B(P+1)e . (F+1)Pe™257 (15)

where

(1|u KBS

Bs/ﬁa2=m(u|u 55T, ) ‘ . e
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1V. Comparison of Theory with Experiment

1. Temperature Dependence

Eq. (15) can be written as

- . \P _~2Sn
W =W +1
P po(n Y e (17)
and
-(1n§-—1)p

_ -5
WpO~Bweffe YP(P+1)e , (18)

where wpo is p-phonon nonradiative transition probability at T=0.

Refs.[8,9] have also given the same dependence on n (hence on T) as Eq.(17),
and have shown that this is in good agreement with experiments.

If the temperature is not very high and S is very small, we have e-zsnél.
Thus
_ - P
Wo=w, (n+1)" .
This is the commonly applied phenomenological temperature dependence[lo’ll].

Although better fits to the exﬁ%fimental data for temperature dependence are
obtained in Refs.[8,9], it is also shown in these references that the depend-
ence of its WPO on energy gap does not exhibit a good fit to the experiments.
In fact this implies that the Wéo given in Refs.[8,9] is doubtful (cf. later
discussion).

Therefore we will put, emphasize discussion on the dependence of Wpo on

energy gap.

2. Energy-Gap Dependence .

ji_ __AE
8o AW g

diative transition process, is usually called "Normalized energy gap'. The

€

The above-mentioned P =

, namely, the order of multiphonon nonra-

dependence of WPO on P (henceon AE, i.e., the energy gap to the next-lower level)
has been given by Eq.(18).

Up to now, although there are some experimental data on WPO, their accura-
cies are generally not high enough. As far as we know, only the data on YA1lO,
in Ref.{13] are relatively systematic and accurate. Seventeen excited states
of five different RE3+ ions have been studied in Ref.[13].

In order to carry out the meaningfully quantitative comparison of theory
with experiment, according to the error and statement given in Ref.[13] we
mainly use eleven comparatively accurate data to compare and fit with Eq.(18),
while six data with serious error have been ignored (they have been used for
reference in later discussion).

We have chosen the following values of parameters ﬁmeff=600cm_f $=0.19,

Bmeffe's=3.18x107s_l, and have used Ea.(18) to calculate L which have been
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compared with the data taken from Ref.[13] and listed in Table 1, then Fig.l
has been plotted. =7

nrediative _transition probability #

I!:

‘S, (Er*)a
ONd"  OEu'" ‘Ho** AEr-

1500 2000 2500 3000 3500 AE(em-1)
energy gap to the mext-lower level

Fig.1. Dependence of the nonradiative transition probability on energy gap to the
next-lower level for excited state of rare-earth ions in Yalo, at T=0.

The solid curve is calculated from Eq.(18); the broken curve shows the-
straight line of fit given in Ref.[13] using Eq.(20), (c=5%10°s—} a=4.6x10-3cm);
the data of experimental points are taken from Ref.[13]. (see Table 1.)

It is shown from Table 1 that all results calculated are in agreement with
the experimental data within experimental error. We can also see from Fig.l

that the theoretical curve is in good agreement with the experimental points.

In the following, let us briefly discuss the remaining six data given in

Ref.[13]. Although the measured errors of 5D1 and °D, data of Eu3+ are not

large, Ref.[13] (for YA10,) and Ref.[14](for Y,0,) both point out that
data similar serious systematic deviations are found, because

for these
they are subject

to selection-rule restrictions, which should not be discussed here. It
shown by Refs.[13,14] that the *S

is
3/2(Er3+) is also subject to selection-rule
restfiction, which seems to explain the larger deviation of l'83/2(Er3+) in
Table 1 and Fig.l. As for the remaining four data, they cannot be adopted in
aquantitative investigation because of serious errors. But these experimental
values are still roughly in agreement with values calculated by Eq.(18) within
experimental uncertainties, For example, AE=4700cm™" for *F (Nd3+) and

3/2
517(H03+), and we obtain W,50.44 st by using Eq.(18), and the experiments
show .that for "F

3/2(Nd3+) wnd 5I7(Ho3+) with such large energy gap the Wpo
is indeed small enough to be neglected.

To sum up, Eq.(18) is in satisfactory agreement with eleven experimental
data of WPO over a range of four orders of magnitude.

Of course, up to now, comparatively reliable data are limited to YA1lQ,.
Therefore it is'necessary to test the theory by using more extensive experi-
mental data.

We have analyzed the experimental results for another five kinds ot crystal
(Y,0s, Y3A150;,, Lacls, LaBr;, LaF;3), all of which can be fitted and explained
by using Eq.(18). However, these data are not be quantitatively useful because
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of their large uncertainties. Hence more accurate experimental measurements
are necessary for obtaining meaningful quantitative results.

Table 1. Comparison between Experimental Values+ and Calculated Values of wPo

for va10,:RE>"

1

. _ -1 -8 -
(parameters.t‘iweff—600cm ¢+ $=0.19, Bw,__e =3.18x10"s ')

£f
- -1
Excited State AE(cm b WPO(S )
34 experimental calculated

2p_ . ma’") 2220 ~2%10° 2.0x10°%-

3/2
5Py (oo ) 2100 = 3,3x10° 3.3%x10°
3, 3 3+ 5 5
P1,3Ds (HO 1) ~ 2400 ~1x10 0.9%10
3, (MY 1850 ~ 1x108 0.92x10°
53, (Ho> ) 2800 1.1x10" 1.3x10"
516 (HO" ) 3200 1.8x103 1.8x10°
*Dy (Bu’ ") ) 2700 1.7x10" 2.2x10"
2H (B ~1940 ~8x10° 6.4x10°

9/2 .
b 3+ N y x10%
F9/2(Er ) ) 2530 4,9x10 4.9%10
‘s (@) 2950 ax10° 6x10°

3/2'5F ~

3

"1, ), (Ex ) 3425 5.9x102 5,6x102

V. Discussion
1.Some DiscussionsRelated to References

Ref.[3] has clearly indicated and remedied the mistaxe Condon approximation,
and hence has obtained the formula which can unify''non-Condon approximation"
theory with static coupling theory. On the basis of these results, Egs.(17) and
(18) in this paper have been derived. It appears that Ref.[7] and Refs.[8,9]
have still used Condon approximation (i.e., the nonadiabaticity operator

includes 5%— and has coefficients not dependent on Qg ). Correspondingly, the
s

results obtained are “different.

If we leave out the nonadiabaticity operator in the formula for calculating
multiphonon nonradiative transition probability, the rest part is the so-called
transition overlap integral[s], namely, the part left after leaving out G(u)
in Eq.(1) mentioned above. As for this part, the results of the present paper
and Refs.[7-9] are identical; but as for the other part G(u) related to the

nonadiabaticity operator, the results of the present paper and Refs.[7-9] are
-1\.

. 1,
Ref.[13] determine Wp by using wp=-_r1— -EAij , where the total decay probability 57 is
1 j i ,
measured by experiment, the radiative decay probabilities Aij are calculated by using Judd-Ofelt
intensity parameters for RE ions in YA10,. (the rms deviation between measured line strengths

and line strengths calculated by using the Judd-Ofelt approach is typically about 10-15%).
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different. Since both experiments and theory have proved that Condon approxima-
tion implies a serious mistake, the G(u) given in Refs.[7-9] are not proper,
and it is easily understood that the dependences of their WPO corresponding to
G(u) on energy gap cannot quantitatively agree with the experiments.

By using Kiel's approach, Pefs.[10,15] etc., it is considered that it was
necessary to carry the first-order term for Qg in the expansion of HeL to Pth-
order perturbation,..., until the Pth-order term for Qg in HeL is carried to
first-order perturbation theory, and then by the summation of all these con-
tributions to find P-phonon nonradiative transition probability. Thus these
authors consider that ab initio calculations of such transition rates are quite
intractable. It appears that they have not recognized an essential idea that
lattice relaxation can lead to multiphonon transition. Refs.[3,4] show that
since the initial and final states of transition are states with different
lattice relaxations, they embrace dll1 high-orders of perturbation and therefore
will lead to multiphonon transition! Thus even by carrying the linear electron-~
phonon interaction HeL to first-order perturbation, the necessary results can
be obtained. It is based on such an idea and approach that the formula of
multiphonon nonradiative transition probability has been derived.

So far, the following simple empirical formula is usually adopted in
practice[lo_lsl

W=Wo(n+1)¥ , (19)

where

Wo=Ce *0F | (20)

In Eg.(10), phenomenological parameters C and a are found to be the con-
stants dependent on the host crystal and strength of electron-phonon coupling
but, with .rare exceptions, independent of the specific rare-earth ion or elec-

tronic states involved[lo’lsl.

Eqs.(19) and (20) are in rough agreement with
experiments.

If S is very small and T is not very high, Eq.(17) will agree with Eq.(19);
if § is very small and P is rather large, within not a wide Tange of variation
for P, log WP6~AE curve given by Eg.(18) is almost a straight line, i.e.,
Eg.(18) will approach Eq.(20). But, for example, if the range of variation for
P is large, especially when S is not very small, relatively great difference
between Eg.(18) and Eg.(20) will be exhibited. .

It appears from Fig.1l and related discussions that Eq.(18) of this paper
is in better agreement with the experiments than Eq.(20). Of course, in order
to examine further the agreeable degree between theory and experiment, it is
yet necessary to perform more accurate experiments within a large range of
variation for P. It is worthwhile to indicate that if P is small, the formula
of this paper and the above-mentioned empirical formula will become inaccurate,
thus measurements should mainly extend towards large P values. But, if P is

fairly large, g? and §:Aij are very close, and. their difference i.e., WPO, is

very small. In order that WPO has certain accuracy, it is necessary that 7, Aij
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have very high accuracies!
2,Discussion for Adopted Approximation

First, the '"single-fredquency model" approximation is adopted. In fact,
Refs.[7-15] related to RE3+ nonradiative transition have both adopted some
single~frequency approximationé, and have indicated that the results which were
in aéreement with the experiments could be obtained hereby. Physically, on one
hand, W rapidly decreases basically exponentially with increasing P for weak
electron-phonon coupling, therefore the predominant contributions to W come
from the phonon modes in a narrow range near cut-off frequency; on the other
hand, the strong peak of optical branch in" high~frequency region of phonon
spectrum mofe clearly emphasizeés the contribution from these phonon modes near

the peak. The results of determining the parameter w by experiment indicate

eff
that in most instances the vibronic spectrum shows strong peaks near the phonon
cut-off frequency, and w is taken to be a value very near the cut-off

eff
frequency. In some cases (for example, Y3Al1s50:, and YA10,), the highest energy

phonons appear as weak peaks in ‘the vibronic spéctra, and the more prominent
peaks in the high-energy region correspond to lower energy phonons. Therefore,

in obtaining the value of parameter'wé both cut-off and the shape of the

££’
vibronic spectrum should be consideredllo]. It is clear that the weaker the
electron-phonon coupling, the smaller the S, the more rapidly the decrease of
W with P, and therefore the better the "single-frequency model" approximation.
Secondly, it 'is assumed that the ratio R (see Eg.(13)) is a constant in
the narrow range of phonon modes for summation in W. We take s, Wopps B (thus
R?) as the constants determined only by host crystals, the results obtained
were in agreement with the experiments. It has been shown above that C in
Eq.(20) (corresponding to B weffeus)ris a constant determined basically by
host ctystgls. Hence the above assumption is reasonable and practical.
Thirgly, for solid-state luminescence and laser, it is invariably desirable
to gain'strong radiation. For this reason, larger energy gaps are required

(for example, >1000 cm_l)[s’lll. Thus for the cases of practical interest,

P is large (for example, >3), and S for RE3+ is usually very small. Therefore,
in the derivation given above we assume §>$1 and then adopt some approximate
simplification and approximation of the steepest descent method, which will not
bring about large errors.

Although the theory has been compared with some experimental results, it
is yet necessary to test further the theory by more extensive experiments. And
it is also meaningful, through specific models, to analyze and estimate the
parameters S and R. It is worthwhile to notice that SE§3§% %il’ in which the
summation is taken only over the phonon modes in the narrow]range near cut-
off frequency, is different from the S appearing in radiative transitions.
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