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836 L. F. H. BOVEY 

It is tempting to represent the data on CDaH and 
CHaD by slightly different values of ro(C- H) and 
ro(C-D) (but neglecting the change in angle), as was 
attempted in the case of the methyl halides by Miller 
et alP However, here again a surprisingly large differ­
ence has to be assumed: one finds ro(C- H) = 1.09724A, 
ro(C-D)=1.09021A. At the same time the moment of 
inertia of CH, would have to be 5.3719X 10-40, which 

17 Miller, Aamodt, Dousmanis, Townes, and Kraitchman, J. 
Chern. Phys. 20, 1112 (1952). 
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deviates widely from the observed value. Clearly the ef­
fect of zero-point vibration cannot be taken into account 
in such a simple way. 

The author wishes to thank Dr. A. E. Douglas for 
suggesting the problem and for giving experimental and 
theoretical help. He is grateful to Dr. G. Herzberg for 
much helpful discussion. The cooperation of Dr. J. A. B. 
Nolin and Dr. L. C. Leitch in supplying the deuterated 
methyl halides and of Dr. F. P. Lossing in analyzing 
the gases by mass-spectroscopic methods is also greatly 
appreciated. 
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A Theory of Sensitized Luminescence in Solids 
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The term "sensitized luminescence" in crystalline phosphors refers to the phenomenon whereby an im­
purity (acti~~tor, or emitter) is enabled to luminesce upon the absorption of light in a different type of 
center (sensitizer, or absorber) and upon the subsequent radiationless transfer of energy from the sensitizer 
!o the activator. The resonance theory of Forster, which involves only allowed transitions, is extended to 
mclude transfer by means of forbidden transitions which, it is concluded, are responsible for the transfer 
in all inorganic system~ yet investigated. The transfer mechanisms of importance are, in order of decreasing 
strength, the overlappmg of the electric dipole fields of the sensitizer and the activator, the overlapping of 
the dipole field of the sensitizer with the quadrupole field of the activator, and exchange effects. These 
mec~~nis~s wiJ~ give rise to "sensitization" of about loa-l04, 102, and 30 lattice sites surrounding each 
sensitizer m typical systems. The dependence of transfer efficiency upon sensitizer and activator concentra­
tions and on temperature are discussed. Application is made of the theory to experimental results on in­
organic phosphors, and further experiments are suggested. 

I. INTRODUCTION 

ONE of the important problems of solid state physics 
is that of a description of the processes which 

follow the absorption of visible or ultraviolet light by an 
insulating crystal. Of the several possible general 
processes, luminescence has received the most experi­
mental attention, although unfortunately there seems 
to be no simple crystal yet investigated for which 
luminescence associated with the undistorted lattice 
has been unambiguously demonstrated.! Consequently 
most experimental work on luminescence has dealt with 
systems consisting of a host lattice and one or more 
types of impurity atoms.2.3 The theoretical work in this 
field has not kept up with experiment for two main 
reasons: (1) The development of the field of lumines­
cence, because of its commercial significance, has been 

* Present address: Institute of Optics, University of Rochester, 
Rochester, New York. 

I The edge emission of CdS [F. A. Kroger, reference 31, C. C. 
Klick, Phys. Rev. 89. 274 (1953)J may prove to be an example 
of true lattice emission. A number of more complicated inorganic 
crystals, CaMoO. and CaWO., for example (see references 8 and 
12), apparently luminesce even in the absence of imperfections, as 
do a number of organic crystals, e.g., anthracene and napthalene. 

2 P. Pringsheim, Fluorescence and Phosphorescence (Interscience 
Publishers, Inc., New York, 1949). 

3 H. W. Leverenz, Introduction to Luminescence of Solids (John 
Wiley and Sons, Inc., New York, 1950). 

guided largely by practical considerations, with a result­
ing reduction in the attention directed towards develop­
ment and investigation of the simplest possible lumines­
cent systems, which might be more easily interpreted. 
(2) The theoretical problems of luminescence are exceed­
ingly difficult to treat even in their simplest form, not 
only because they involve the simultaneous interactions 
among radiation, matter and phonons, but also be­
cause the specific details of the wave functions are of 
first-order importance. The experimental results on 
luminophors consisting of electronically similar im­
purity atoms in the same host lattice and of the same 
impurity atom in similar host lattices demonstrate the 
strong influence of the details of the coupling between 
the impurity atom and its surroundings and thus 
emphasize the "many-body" nature of the problems to 
be solved. 

A branch of luminescence investigated in recent years, 
namely, "sensitized luminescence,"'-13 appears at first, 

4 S. Rothschild, Physik. Z. 35, 557 (1934) j 37, 757 (1936). 
• Schulman, Evans, Ginther, and Murata, J. Appl. Phys. 18, 732 

(1947). 
6 J. B. Merrill and J. H. Schulman, J. Opt. Soc. Am. 38, 471 

(1948). 
7 H. C. Froelich, J. Electrochem. Soc. 93, 101 (1948). 
8 F. A. Kroger, Some Aspects of the Luminescence of Solids 

(Elsevier Publishing Company, Inc., Houston, Texas, 1948). 
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perhaps, to be even more complicated than the more 
common forms. That this is not the case is, as we shall 
see, a result of the difference in the questions that we 
may ask regarding the various processes. 

According to common usage, sensitized luminescence 
refers to the process whereby an impurity atom (acti­
vator) having no appreciable absorption band in a given 
region of the (visible or uv) spectrum is made to emit 
radiation upon excitation in this region as a result of 
absorption by and transfer from another impurity atom 
(sensitizer) or from the host lattice. We shall refer to 
these distinct processes as impurity-sensitized and host­
sensitized luminescence, respectively. 

We may now see the relatively simple nature of the 
problems to be investigated. If we accept the experi­
mental facts regarding the positions and strengths of 
the absorption band of the activator and the emission 
band of the sensitizer, we may isolate the most funda­
mental problem peculiar to sensitized luminescence as 
follows: What is the mechanism of the process by which 
the excitation energy is transferred from sensitizer to 
activator, and what is its efficiency as a function of tem­
perature and of activator and sensitizer concentrations? 
That is, we may in this case avoid all of the difficult 
problems of common luminescence and concentrate on 
those of sensitized luminescence alone. 

The purpose of this paper is to examine the above 
questions regarding sensitized luminescence in insulat­
ing crystals on the basis of a resonance theory of ene;gy 
transfer. Such a theory does not involve transitions to 
or from the conduction band and hence does not take 
account of photoconductivity. Other theoretical work 
on sensitized luminescence in solids includes Mott and 
Gurney'sl4 suggestion that electrons and holes which 
are freed by absorption of light at the sensitizer travel 
through the conduction and valence bands, eventually 
to recombine at the activator. Such processes, involving 
photoconductivity, are not included within the present 
theory. 

A resonance theory of energy transfer is of course not 
new. Franck, Cario, and many others have demon­
strated the mechanism in gases,1s and a quantum theory 
was given by Kallmann and F. London.16 Transfer has 
similarly been shown in solutions containing organic 
molecules,1s and both classicaP7 and quantum-me­
chanicaP8,19 theories have been formulated for transfer 

9 Th. P. J. Botden and F. A. Kroger, Physica XIV, 553 (1948). 
10 F. A. Kroger, Physica XV, 801 (1949). 
11 Schulman, Ginther, and Klick, J. Electrochem. Soc. 97, 123 

(1950). 
12 Th. P. J. Botden, Philips Research Repts. 6, 425 (1951). 
13 J. Franck and R. Livingston, Revs. Modem Phys. 21, 505 

(1949). This paper contains references to work on organic systems. 
14 N. F. Mott and R. W. Gurney, Electronic Process in Ionic 

Crystals (Oxford University Press, New York, 1940), p. 207. 
15 For references to the original work see, for example, references 

2 and 13. 
16 H. Kallmann and F. London, Z. Physik. Chem. B2, 207 

(1929). 
17 J. Perrin, Compt. rend. Paris, 184, 1097 (1927). 
18 F. Perrin, J. phys. et radium 7, 1 (1936). 
19 Th. Forster, (a) Ann. Physik 2, 55 (1948) j (b) Fluoresezenz 

processes involving allowed transitions. Investigations 
of the propagation of excitons in insulators have like­
wise been based on resonance theories,2° as has a theory 
of the annihilation of F centers by excitons.21 

Previous theoretical work has been concerned with 
resonance between two allowed (electric dipole) transi­
tions. In the common organic systems the transitions 
involved are allowed, and the significance of Forster's 
work19 has been generally recognized by workers in the 
organic field. However, one of the principal reasons for 
the interest in sensitized luminescence in inorganic 
solids has been that resonant transfer can be obtained 
between an allowed transition in the sensitizer and a 
forbidden transition in the activator. That is, an acti­
vator with a suitable emission spectrum (for example, 
manganese with a forbidden transition) can be made to 
luminesce after energy transfer from an absorbing 
sensitizer, although the activator will not absorb the 
energy directly.22 Clearly a description of forbidden 
transi tions is essential. 

Several authors have suggested, on the basis of the 
above analogies in gases and liquids, that resonant trans­
fer occurs in the systems they have investigated.4- 13 

Some of these writers state that the transfer probability 
is determined by the overlapping of the wave functions 
of the sensitizer and activator9-11 and that only when 
activator and sensitizer occupy adjacent lattice sites 
may transfer occur.9,10 Inspection of the above-men­
tioned resonance theories shows that overlap integrals 
between activator and sensitizer occur only in the 
normalization of the wave functions and are of minor 
importance. Furthermore, in the case of impurity­
sensitization exchange intervals (which depend par­
tially on overlap) are unimportant when strong 
electric dipole transitions are allowed. Previous treat­
ments of sensitized luminescence therefore have not 
included exchange effects and are concerned with 
the overlapping of the "near-zone" electric fields, and 
not the wave functions. It will be shown that exchange 
effects become important for magnetic dipole (and 
higher order) transitions. 

Section II contains discussions of the physical model 
employed here and of the procedure for normalization 
of the wave functions. Sections III, IV, and V treat 
electric dipole-dipole, dipole-quadrupole, and exchange 
effects and electric dipole-magnetic dipole transitions, 
respectively. The above all refer to impurity-sensitiza­
tion, whereas Sec. VI discusses host-sensitization. 

organische Verbindungen (Vandenhoeck and Ruprecht, Gottingen, 
1951); (c) Z. Elektrochem. 53, 93 (1949). 

20 The latest paper on this subject, W. R. Heller and A. Marcus, 
Phys. Rev. 84, 809 (1951), contains references to other previous 
work. 

21 D. L. Dexter a,nd W. R. Heller, Phys. Rev. 84, 377 (1951). 
22 A second practical benefit of sensitization comes from the 

double degradation of the absorbed energy, as a result of a Stokes' 
shift in both the sensitizmg and activating center. For example, 
the Hg 2537 line can be used for excitation, and emission can be 
obtained in the viSible, as in the ordmary fluorescent lamp. (In 
this example it is probable that internal transitions to lower ex­
cited states of the Mn ion are responsible for part of the shift.) 
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The transfer probabilities are evaluated from optical 
data in Eqs. (16), (17), (25), (26), and (30). Section 
VII contains a discussion of the application of the 
theory to experiment. 

II. NORMALIZATION PROCEDURE 

For the next four sections we shall be concerned with 
impurity sensitization in an insulating crystal. The 
natural physical model is that of an atomic fraction Xs of 
sensitizing impurity atoms or ions arranged at random 
on the suitable lattice sites of the crystal, without 
appreciable mutual interaction, and a fraction Xa of 
activators similarly arranged. For the present we shall 
assume weak concentrations X8 and Xa, such that the 
transfer probability from one sensitizer to another is 
negligible, such that the probability of the formation of 
new crystalline phases is negligible, and such that effects 
depending on pairs or clusters of activators are unim­
portant. Interactions of the lattice vibrations with the 
sensitizer and with the activator will be accounted for 
experimentally. Interactions between impurities and 
the charged bodies of the lattice will be taken into ac­
count by means of a suitable .dielectric constant. A 
further restriction is the assumption that no photo­
conductivity occurs. Clearly none of these assumptions 
is universally valid, and certain additional effects will 
be discussed later. 

The entire transfer process consists of five stages: 
(1) absorption of a photon of energy "-Eo by the sensi­
tizer, (2) relaxation of the lattice surrounding the sensi­
tizer by an amount such that the available electronic 
energy in a radiative transition from the sensitizer is 
E 1<Eo, (3) transfer of energy El to the activator, (4a) 
relaxation around the activator such that the available 
electronic energy in a radiative transition is E 2<E1, 

(4b) relaxation around the sensitizer to a state similar 
(but not necessarily identical) to its original unexcited 
state, (5) emission of energy E2• 

Step 2 occurs in about 10-13 seconds or longer, the ex­
cess energy being dissipated to the lattice by phonons. 
This is the process associated with the Stokes' shift. 
Step 3 requires a time which depends on the distances 
to the surrounding activators, i.e., on the concentration 
Xa. If these distances are too large, we may expect the 
energy El to appear: (a) as a photon which mayor may 
not be absorbed by an activator atom depending on its 
absorption cross section and on the total number (not 
the concentration) of activators in the crystal, (b) as a 
photon which may be reabsorbed by another sensitizer, 
depending on whether or not the absorption and emis­
sion bands of the sensitizer overlap and upon the total 
number of sensitizers in the crystal, (c) as electronic 
excitation energy El on a different sensitizer atom with­
out a photon as intermediary, depending on the con­
centration Xs and on the overlap between emission and 
absorption bands of the sensitizer, or (d) as thermal 
energy following a nonradiative transition. For the 
present we shall not discuss these various processes, and 

shall be concerned only with the probability of direct 
transfer to an activator. 

Assuming that the latter transfer has occurred, step 
(4) again requires a time:> 10-13 seconds, and step (5) 
a time 10--8 seconds or much longer, depending on the 
forbiddenness of the transition. Since in almost all 
cases the Stokes' shifts are sizable, it is clear why the 
activator represents a "trap" for the electronic excita­
tion energy: the activator, when excited, is not in 
resonance with the sensitizer, i.e., E 2<Eo• Thus when 
appreciable relaxation occurs, as seems to be the case 
for most systems of interest in solids, the energy must 
stay on the activator atoms, and we need not concern 
ourselves with transfer in the opposite direction. A 
further stage or series of stages which may occur be­
tween steps 4 and 5, namely, radiative and nonradia­
tive transitions to lower excited electronic states of the 
activator, may further decrease the probability of back­
transfer, as would transfer to more distant activators. 
(If the activator and sensitizer are sufficiently close 
together, back-transfer may take place before relaxa­
tion, step 4, has time to occur. We shall not treat this 
case at the present time.) 

We now consider the wave functions describing the 
above model. According to the time-dependent per­
turbation theory of quantum mechanics,23 the well­
known expression for the transition probability is 
(2'1I/h)I(H1)12PEwherehis Planck's constant, PE is the 
density of states, and (Hi) is the matrix element of the 
perturbation to the Hamiltonian, between the initial 
and final states of the system. In our case, we ascribe 
the initial state '1!r to the configuration in which the 
sensitizer S is excited, 1/;,', while the activator A is in 
its ground state, 1/;a; and the final state '1!F to that in 
which S is in its ground state, 1/;., while A is excited, 1/;a'. 
(Primed quantities will refer throughout to excited 
states.) Thus the probability that the energy is trans­
ferred from a particular sensitizer S to a particular 
activator A is of the form 

as long as the states'1!r and '1!F are of the same energy. 
Because of lattice vibrations, of course, neither the 

initial nor final levels of S or A are well defined. We 
may therefore normalize our wave functions on an 
energy scale as we would for continuum wave func­
tions24 and absorb the density of states factor PE within 
the normalization parameters. It will be convenient to 
normalize the initial (excited) state of S and the initial 
(ground) state of A in the usual manner and to intro­
duce probability functions po' (w.') and Pa(Wa) to ex-

23 See, for example, L. 1. Schiff, Quantum Mechanics (McGraw­
Hill Book Company, Inc., New York, 1949), p. 189. 

24 For a discussion of this type of normalization see, for example, 
H. Bethe, Handbuch der Physik (1933), (2) 24/1, p. 273, and 
references contained therein. The discussion of normalization given 
below is similar to that in reference 19. 
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press the probabilities that S is in the particular energy 
state denoted by W.' and that A is in the state Wa. 

Therefore consider 

(2) 

For the final states we nonnalize the wave functions on 
an energy scale as follows: 

1 fW+<iW f 
- dws !y,s(ws)!2dr=1, 
ilw w 

(3) 

Now the properly antisymmetrized initial and final 
states wave functions describing S and A can be written 

V'};'YrCw/, wa) 
=y,.'(rl, w.')y,a(r2, wa)-y,.'(r2, w.')y,a(rl, wa) 

v'2'ltF(w., wa') 
=y,.(rl, Ws)Y,a'(r2, wa')-y,sCr2' Ws)Y,a'(rl, wa'), 

(4) 

if only two electrons are involved in the transitions. If 
more than two electrons should be involved, Eq. (4) 
could easily be extended to express all of the possible 
pennutations of the electrons; Eq. (4) as written will 
serve to show the type of tenn that enters because of 
antisymmetrization, i.e., the exchange term. The other 
tenns, namely, Coulomb tenns, are correctly given even 
without antisymmetrization of the wave functions. In 
the following rl and r2 will be used to denote the coordi­
nates of all the electrons involved. The atomic wave 
functions in (4) are nonnalized according to Eq. (2) and 
(3). If overlapping of the wave functions such as 
y,.'(rl) and Y,a(rl) were appreciable, the squares of the 
nonnalization factors v'2 should be reduced by quanti­
ties such as (fy,.' (rl) *y,a (rl)dTlfy,a (r2) *y,.' (r2)dTz); 
such effects are small and will henceforth be ignored. 
In general there will be several possible states 'ltr and 
'ltF from and to which the system may make transitions 
contributing to the transfer process, depending, for 
example, on the polarization of the atomic functions. 
Then (H1(w.', Wa; W8 , Wa'»lF is the matrix element of 
HI between particular states 'ltr(W.', wa) and 'It F(W., wa'). 
It should be noticed that as a result of our type of 
nonnalization (HI) is now a dimensionless quantity, 
not an energy. 

The electronic excitation energy on S in the state 
'ltr is E=w.'-w8 , and that on A in the state 'ltF is 
wa' -Wa. According to the Franck-Condon principle, 
there is small probability of an electronic transition in 
which electronic excitation energy is lost to the lattice, 
so that the energy principle requires that the transi-

tion probability P 8a contain a Dirac delta-function 
o[(w.'-w.)-(Wa'-Wa)]' We therefore obtain for the 
total probability of energy transfer from S to A the 
result, 

Psa= (27f/k) L: L: (gs'ga)-l 
I F 

X! (H1(w.', Wa; Ws, Wa'»rF!2 

XO[(W/ -W.) -(Wa' -wa)], 

where we omit the indices I and F on the energy param­
eters for the sake of brevity. The factor g.', the de­
generacy of the level of the excited S atom or ion, is 
necessary to take account of the fact that only one of 
the possible excited states of S is occupied, whereas we 
subsequently sum over them all, similarly for gao The 
sums over I and F represent a sum over all possible 
transitions that can contribute to the transfer, that is, 
sums over is, ia, fs, and fa. If the ground state of A is 
nondegenerate, the summation over ia may be re­
moved and ga set equal to unity. Carrying out the in­
tegration over Ws by means of the delta-function and 
substituting E=wa'-wa=W/-w., we obtain 

Psa= (27r/h) L: L: (g.'ga)-l 
I F 

x f dE f dWaPa(wa) f dw.' p/(w.') 

X! (Hl(w.', Wa; w/ -E, Wa+E»IF!2. (5) 

III. ELECTRIC DIPOLE-DIPOLE INTERACTION 

In order to compute the transfer probability EEq. 
(5)J we require HI, the interaction between A and S. 
This interaction may be expressed as the sum of all the 
Coulomb interactions of the outer electrons and core of 
A with those of S, suitably reduced by the dielectric 
constant K of the medium. When this sum is expanded 
in a Taylor series about the vector R, the separation of 
the nuclei of A and S, the interaction energy is found 
to be 

H l(R) = (e2/ KR3){ r.· Ta -3(r.· R)(Ta· R)/R2} 

3 

+C3e2/2KR4){L: (R,/R)ra?r., ( -3+5R,2/R2) 
1.=1 

3 3 

+L: L: [(R J/R)-5R,2RiR3J 

+ .... 
This is, of course, the interaction that gives rise to van 
der Waals' forces. The first curly brackets contain the 
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840 D. L. DEXTER 

dipole-dipole interaction, and the second the dipole­
quadrupole interaction; higher order interactions, in­
cluding quadrupole-dipole, have been omitted. (We 
shall assume throughout that the sensitizer has an 
allowed transition, so that the dipole term for S gives 
the largest contribution.) In Eq. (6) r8=Lmr8.m refers 
to all the electrons on S, measured from its nucleus, and 
similarly with ra= Lnra. n; e is the magnitude of the 
electronic charge. 

Inserting the first bracket of Eq. (6) into Eq. (5), we 
obtain 

P.a(dd) = (27r/1i) L L (e4/K2R6)(g.'ga)-1 
I F 

x f dE f dWaPa(wa) f dw.'p.'(w.') 

xl (r.)·(ra)-3«r.)·R)«ra)·R) 12
, (7) 

where each matrix element, such as (r8), should be 
written as a function of two of the energy parameters, as 
(r8(w.', w.'-E»'sf8' Note that the dimensions of (r)2 
are length squared per unit energy; note also the famil­
iar R-6 dependence found in the van der Waals' energy. 
In Eq. (7) we have neglected a,ll terms associated with 
the antisymmetrization of the wave functions. If we 
look at the interaction terms before expanding, we find 
we must compute the matrix elements of terms of the 
form e2/R, e2/1 R+ral and e2/1 R+ra-r8 1. Neither of 
the first two terms gives a nonzero matrix element in 
view of our neglect of overlap effects, i.e., the first two 
terms contain two and one factors, respectively, of the 
form fifia * (2)ifis (2)dr2' The third term gives rise to 
Eq. (7) and also to typical exchange integrals of the 
form -e2fifi,'(1)*ifia(2)*(1/r12)ifi.(2)ifia'(1). Such terms 
will be discussed in Sec. V; they are unimportant 
when dipole-dipole interactions are present. It should 
also be noted that each matrix element (r)=fifi'*rif;dr 
vanishes in the event that the electron spin flips during 
the transition. Spin-flip transitions will likewise be dis­
cussed in Sec. V. 

We now average the absolute square of the matrix 
element in Eq. (7) over all possible orientations of R 
and obtain 

(I(rs)·(ra)- (3/R2) «r8)· R)«ra)· R) 12)AV 

= (2/3) 1 (r8) 121 (ra) 12, (8) 
where 

x {f dw.' p.'(w.') 1 (r8 (w.', we' - E» 12} 

X { f dWaPa(wa) 1 (ra(Wa, wa+ E» 12}. (9) 

An evaluation of these matrix elements as a function 
of energy is of course the foremost problem of lumines­
cence, a problem which, as we have stated, we do not 
propose to discuss here. Knowing the wave functions, 
it would be a trivial matter to evaluate the integrals; 
not knowing them, it is expedient to evaluate the matrix 
elements directly from experiment. These same matrix 
elements determine oscillator strengths, absorption co­
efficients, and decay times, all of which are measurable 
quantities. We shall now express Eq. (9) in terms of 
these experimental parameters. 

The probability of a spontaneous radiative transi­
tion of an isolated atom from a state i to a state f is 
given by26 

(10) 

where c is the velocity of light. For an atom in a crystal­
line medium this expression is to be changed in several 
ways. First, the energies of the initial and final states, 
because of vibrations of the surroundings, are not well 
defined, so that we introduce a probability function 
p'(w'), as ill Sec. II, and normalize the final states on 
an energy scale. Second, we must change the expression 
to take account of the dielectric properties of the me­
dium. Since the transition probability is proportional to 
the square of the matrix elements of the electric field 
dotted into the electric moment at the atom, the ex­
pression on the right-hand side of Eq. (10) is to be 
multiplied by the square of the ratio of the field 
within the crystal to that at an isolated atom, that 
is, by (Sci S)2. The average value of Se within the 
crystal and the value of S in a vacuum are to be 
chosen so as to correspond to the same photon den­
sity. Further, the transition probability is proportional 
to the density of states in momentum space, or to k2dk, 
where k is the propagation vector of photons in the 
medium. Since k is increased in a medium by the factor 
n (index of refraction), (10) is also to be multiplied by 
the factor n3• 

In view of the above arguments, the probability of 
emission of a photon of energy E is 

X !1(r,/(w',W'-E»1 2P'(w')dw', (11) 

where the sum is over all transitions, and the degeneracy 
factor g' is introduced for the same purpose as in Eq. (5). 
The shape of the function A (E) is given by the emis­
sion spectrum of the atom, and the integral fA (E)dE 
is equal to the decay constant of the level, 1/r. Let the 

25 See, for example, N. F. Mott and I. N. Sneddon, Wave M e­
chanics and Its Applications (Oxford University Press, New York, 
1948), p. 253 if; note that there are several misprints on p. 257. 
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normalized function feE) represent the observed shape 
of the emission band, so that ff(E)dE= 1. Then from 
Eq. (11) we have the result, 

L Lf 1 (r,j(w', w'-E)1 2p'(w')dw' 
• j 

Equation (12) is of course general and refers to either 
S or A. The left-hand side of Eq. (12), which refers to 
Sin Eq. (9), may be evaluated experimentally by m~as­
uring the decay time and emission spectrum of S In a 
crystal containing a low concentration of S as its only 
impurity. Note that we assume no interactions between 
S and any other impurity in the derivation of Eq. (12). 
If interactions occur and change the band shape or 
decay time or if any competing processes occur to 
affect the decay time, Eq. (12) is not applicable. In 
general, Eq. (12) will be applicable if the concentration 
x. is weak and if the quantum yield for luminescenc: of 
S is unity. If for some reason Eq. (12) cannot be apphed, 
the left-hand side may be evaluated through absorption 
experiments as follows: 

The usual expression for the Einstein B coefficient26 

for induced transitions in an isolated atom is 

In the event that the absorption band becomes broad, 
we may normalize the wave functions as previously and 
speak of the induced transition probability per unit 
energy range. Including the effect of the changed elec­
tric field in the medium, we obtain 

The absorption cross section then becomes 

x 1 (r,j(w, w+ E) > 12
, (13) 

where the factor n appears because we have divided 
the transition probability B by a photon flux v= cln. 
The absorption cross section, which will not in general 
be greatly distorted except by very large concentrations, 
can be measured as the ratio of the absorption coeffi­
cient (cm-I ) to the number density of impurities in the 
medium (cm-3). Let us introduce therefore the normal­
ized function F(E) such that u(E)=QF(E), where 

fF (E) dE = 1. Then we obtain from Eq. (13) the result, 

L L: Ip(W)dWI (r,Aw, w+E)12 
, j 

3hcg (0)2 
- QF(E). 

47r2e2nE 0e 

(14) 

By applying this equation to the activator, if it has an 
observable absorption band, we may evaluate the re­
maining matrix elements in Eq. (9). Q=fu(E)dE is 
measured as the area under the absorption band. 

Equation (14) may also be useful for the evaluation 
of the sensitizer's matrix elements in the event that the 
quantum yield of S when present by itself is less than 
unity, or when the decay rate either cannot be meas­
ured or is not a simple exponential function. In such 
cases, we may still measure the (normalized) shape of the 
emission band f.(E) but may express the "strength" of 
the line in terms of the absorption area, Q s. Thus we ob­
tain the relation, 

L LIps' (w.')dw.' 1 (r,j(w.', W.' - E) 12 
t8 18 

3gshc (0)2 
= - Q.f.(E). 

4re2nE 0e 

(15) 

It should be borne in mind that this last result is only 
approximate; the quantity Q. is determined by the 
wave functions of S when its surroundings are in the 
positions characteristic of the unexcited state, whereas 
7. should be computed using wave functions in the 
"relaxed" lattice. Since these wave functions will in 
general be different in the two configurations of the 
lattice, the transition strength as measured by Q. will be 
inexact. 

Making use of Eqs. (12), (14), and (15), we may ex­
press Eq. (9) as 

3h4c4Qa ( 0 )4I
f 8 (E)F a (E) 

Psa(dd) - dE (16) 
47rR6n47 • K!0 e E4 

with absorption data for A ~nd emission data for S, 
or as 

P .a(dd) 3hc2QaQ.(~) (~)4ff8(E)F aCE) dE, (17) 
47r3n2R6 go' K!0e E2 

making use also of absorption data for S. We could 
similarly use an emission time 7 a to express the line 
strength for the activator, but if A has an allowed 
transition as assumed, Qa can be easily measured. 

The transfer probability is thus given by the strengths 
of the individual transitions in terms of decay times 7 

and absorption band areas Q and by the energy overlap 
of the absorption and emission bands of A and S. These 
quantities are all directly measurable optically except 
for the ratio 0/0e• We know that the average field 
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FIG. 1. Quantum yield for dd transfer as a function of the re­
duced concentration y of the activator. The upper abscissa repre­
sents the numerical value of the atomic concentration Xa in a 
typical case. 

strength within the medium is reduced in the ratio 
(8./S)2=1/K, and we shall set the quantity (S/KiSc)4 
equal to unity in the following numerical evaluation. 

The foregoing discussion of the dipole-dipole trans­
fer, based on a physical model similar to that of 
Forster,19 has proceeded in a manner similar to, although 
somewhat more general than, the development by him. 
It has been included here in detail for the sake of com­
pleteness and for the sake of clarity in the treatments 
of transfer by forbidden transitions. 

Let us evaluate Eq. (16) for a typical pair of impuri­
ties. With good overlap we may expect F a (E) to over­
lap f.(E) with an overlap integral of "'-'1/(3 ev), E to 
be about 5 ev, n4",6, and Qa",-,lo-ls cm2 ev. Then P.a 

becomes (27/R)6 (1/r.) , where R is expressed in 
Angstrom units. In order that appreciable transfer 
occur before S luminesces, PsaTa must be >1, or 
transfer will occur if S and A are separated by not 
more than about 25A. For T8 '-'10-8 sec and for S and A 
in adjacent positive ion sites in NaCI (R=3.97A), the 
jump time would be of the order 10-12 or 10-13 sec. 

The experimentally significant quantity is the quan­
tum yield for transfer, T/T. If we neglect nonradiative 
transitions in S and also neglect transfers from S to S, 
this quantity becomes T/T=P,aTa/(1+P.aTs). Defining 
v= (4/3)lIR3, we obtain TiT=INv2+{32, where {3 is de­
fined through the relation P,a={32/T•v2. In the typical 
case just discussed, {3 is 8.26X10-20 cma, and TiT as de­
fined is the quantum yield for transfer from an excited 
center S to an activator at distance R= (3v/41r)I. To 
obtain the average yield fiT in a crystal, we require the 
integral over-all space of TiT times the probability that 
the nearest activator is at distance R. Let C+ be the 
number density of lattice sites of the type that can ac-

commodate A, and let Va be the volume excluded by the 
presence of the sensitizer. Introducing the parameter 
y=xaC+{3, we find the average yield to be given by 

fiT=yexaC+vo{y-l[e-xaC+v"-1J+Ci(y) siny 

-Si(y) cosY+(1r/2) cosy}, (18) 

where Ci and Si are the cosine- and sine-integral func­
tions. For concentrations xa < 1 percent (y<20) we may 
set equal to unity the factors exp± (xaC+vo) and obtain 
a function of y alone, 

fiT'=y{Ci(y) siny-Si(y) cosY+(1r/2) cosy}. (19) 

A similar expression has been derived by Forster.19h 
This function is shown in Fig. 1. For small concentra­
tions (y«l) 7iT' varies as Y(1r/2+y Iny-0.4228y), thus 
demonstrating the expected linear dependence on con­
centration for small Xa. For y»l, i.e., high concen~ra­
tions, 7i~I, as may be seen from Eq. (18). Since 7iT' 
is equal to ! for y=0.65, according to Fig. 1, we may 
arbitrarily define a "critical" concentration by the 
relation fi T' = !, or by 

0.65 
x *---a - C+{3' (20) 

For {3 equal to 8.3X10-20 cm3 and C+=2.25X1022 cm-3 
(as in NaCI), Xa * becomes 3.5X 10-4, and we may say 
that in this case S is able to sensitize 2900 sites. This 
large number will evidently be diminished if the over­
lap between emission of S and absorption of A is less 
than assumed above, if nonradiative processes in S 
reduce the natural lifetime T., or if the strength of the 
transition in A is less than assumed above. It will 
clearly be further increased if S atoms are present in 
sufficient concentration that the excitation energy may 
be transferred from S to S until it resides nearer than 
average to an activator. For sufficiently weak concen­
trations x., of course, the transfer probability Paa is 
independent of x •. 

Note that the critical concentration varies inversely 
as {3, and hence as the inverse square root of the coupling 
integral ff.(E)Fa (E)dE/E4 and as the inverse square 
root of the line strength of A. Thus even systems with 
poor overlap and with weak electric dipole transitions 
in A may take part in transfer with low concentration 
Xa. 

It should be borne in mind that the above develop­
ment is applicable not only to S-A transfer, but also 
to S-S and A-A transfer. In the latter two cases the 
usual Stokes' shift will in general greatly reduce the 
overlap between emission and absorption, so that con­
centrations an order of magnitude higher than the 
above value of 3 X 10-4 may be required. The treat­
ment is also applicable, of course, to liquid systems. 
The primary differences between solid and liquid systems 
seem to lie in the relative smallness of the index of re­
fraction in liquid solutions and in the relative small­
ness of the Stokes' shifts in the liquids. 
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The temperature dependence of the transfer prob­
ability can be inferred from Eqs. (16) and (17). In 
general the strengths of the transitions as indicated by 
Qa and Ts or Q. are roughly independent of tempera­
ture. Thus the main temperature dependence occurs in 
the amount of overlap between js and Fa. Both of these 
functions broaden with temperature, and in the event 
that they overlap perfectly at all temperatures the 
transfer probability will decrease with increasing tem­
perature. However, if their centers are well separated, 
the broadening associated with increasing tempera­
ture will increase the overlap and hence the transfer 
probability. At low temperatures the broadening is 
negligible as compared with natural, zero-point widths, 
and the transfer probability should be independent of 
temperature. A further effect is the possible shift of the 
center of one function relative to the other, an effect 
which may either increase or decrease the probability. 
Such effects as these will vary from one case to the next, 
and are extremely difficult to calculate accurately from 
first principles. 

Kroger8 has suggested that energy transfer be visual­
ized on a "configurational coordinate" diagram, in 
which the energy of the center is plotted in the con­
figuration space of the nuclear coordinates of the lattice 
neighbors. He presents such a diagram (in two dimen­
sbns) showing both the energy of a sensitizer and that 
of an activator as a function of the same configurational 
coordinate, and concludes that energy transfer can occur 
only at the point in configuration space where the curves 
cross, and that this point in general corresponds to 
specific excited vibrational states for both centers. He 
further concludes that the transfer process requires an 
activation energy and that the probability of transfer 
contains an exponential dependence on the reciprocal 
temperature, P"-'exp- W./kT, where W. is the energy 
difference between the crossing-point and the minimum 
of the curve representing the excited sensitizer atom. 
(See reference 8, p. 210.) These ideas have been de­
veloped in further detail by Botden.12 

In two dimensions such a diagram is of course almost 
meaningless as is recognized by the authors. Specifically 
the one coordinate, if important for the sensitizer, will 
in general not be important for the activator, so that, 
whereas the sensitizer curve may be a rapidly varying 
function of the coordinate, the activator function will 
not; and the curves will in general not intersect. Also, 
the generalized energy surfaces for the two centers 
when plotted simultaneously in a multidimensional 
space will in general intersect at an infinite number 
of points with energy parameters, W., ranging from 
very close to zero (depending on the separation) up to 
infinity. Furthermore, these points do not represent the 
configurations for which transfer may occur. 

With suitable modification, however, an interpreta­
tion based on configurational coordinate diagrams may 
be useful in some instances. The only restriction on the 

transfer is that the virtual photon emitted by the sensi­
tizer be equal in energy to that absorbed by the acti­
vator. That is, if one plots the difference between the 
energies of the excited electronic state and of the ground 
electronic state of the sensitizer center, and simul­
taneously the analogous energy difference for the acti­
vator, in the generalized coordinate space, transfer may 
occur with appreciable probability, according to the 
Franck-Condon principle, only at the intersections of 
these generalized surfaces of energy difference. Again 
there will in general exist an infinite number of such 
intersections; these intersections appear for all values of 
the energy W s as defined above. 

For example, if the low temperature emission band of 
S occurs at higher energy than the absorption band of 
A and if the centers are sufficiently far apart that the 
coordinates important to A do not greatly influence S, 
transfer may occur from S to A with no appreciable 
thermal activation Ws of S, but with activation only of 
A. The probability of achieving one of the possible con­
figurations for transfer may in some cases be roughly 
proportional to exp- Wa/kT*, where T*=8 cothO/T is 
the "effective temperature" which takes account, 
through the Debye 8, of the zero-point broadening of 
the levels.26 T* and hence P sa are independent of T for 
low T. 

Transfer will also be possible for configurations corre­
sponding to "activation energies" of all higher values 
than the minimum. Further, if S and A are close to­
gether, the minimum activation energy may be either 
greater or smaller than the above. In so far as the expo­
nential dependence on W /T* is valid, the value for W 
will be the smallest amount of thermal energy needed 
to bring S and A into resonance. The energy W a , if 
present at A, may be sufficient to bring about resonance, 
whereas an energy W. may be required at S. In general 
Wa and W. will not be equal, and if S and A are not 
identical atoms, it is not possible a priori to say which 
of W sand Wa is the smaller. If S and A are identical 
atoms, as in S-S transfer, the least thermal energy 
sufficient to bring about resonance will usually be re­
quired at the excited atom, since the energy of the more 
spatially extended excited atom is not as strong a func­
tion of neighboring displacements as is that of the 
ground state. To repeat, in so far as W /kT* represents 
the temperature dependence of p.a, W will be the 
smaller of W. and Wa. In the absence of detailed calcu­
tions we may not say which is the smaller. It should 
further be borne in mind that there exist many more 
configurations of all higher values of energy for which 
transfer may occur, so that the approximation by a 
c;ingle activation energy is expected to be valid only 
over a limited temperature range where W/kT* is »1. 
These complicated averaging processes over activation 
energies are taken account of empirically in Eqs. (5), 

26 K. Husimi, Proc. Phys. Math. Soc. Japan 22, 264 (1940). 
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(16), and (17). A transfer probability with simple ex­
ponential dependence on the reciprocal absolute tem­
perature, exp(-W/kT), over a wide range of T, where 
W is independent of concentration Xa, seems extremely 
unlikely in view of the above considerations, whatever 
the interpretation given to W. A simple dependence on 
the effective temperature of the form P 8a"-'exp- W /kT* 
could best be sought in systems of low concentration 
Xa and x. having well-separated low temperature emis­
sion and absorption bands. It should be emphasized 
that all of the above considerations refer to the trans­
fer probability itself and not to the quantum yield for 
the transfer process. The quantum yield will of course 
exhibit other temperature variation depending on non­
radiative transitions within S. 

An assumption that has been made throughout the 
foregoing treatment is that the presence of the activator 
does not alter the shape or position of the emission 
spectrum of the sensitizer. That this assumption is not 
precisely valid is clear both experimentallylO and theo­
retically. The reason for the changes in the spectra is 
based on the difference in the interaction between the 
activator and the sensitizer and that between the ion 
normally occupying the activator site and the sensitizer. 
This difference is of the same order of magnitude as each 
interaction alone. Each interaction is the difference 
between the energy perturbation to the ground state 
and that to the excited state of S by the other ion. 
Again the difference is of the same order as each energy 
perturbation. Thus the shift in the peak of the emission 
band of S must be of the same order as, or less than, the 
van der Waals' interaction between S and A at distance 
R. This energy is of the order of I:.E,,-,Eaaa./Rs, where 
E is the energy of the transition and aa and as are the 
polarizabilities of A and S. Since a is of the order 10-24 

cm3, it is clear that for separations R larger than nearest 
neighbor separations the perturbation by van der Waals 
forces is negligible. If A and S are nearest neighbors in 
the NaCllattice, the relative energy shift I:.E/ E is of the 
order (2.8)-S,,-,2X 10--3• Such a shift would be of im­
portance in the case of very poor overlap between ab­
sorption and emission bands, but not otherwise. The 
perturbation for nearest neighbors and for nearest like 
neighbors might in some cases be somewhat larger than 
the above estimate as a result of exchange effects, par­
ticularly in crystals of high dielectric constant, but it 
seems safe to treat these perturbation effects on the 
spectra as of second-order importance. 

IV. ELECTRIC DIPOLE-QUADRUPOLE INTERACTION 

To determine the transfer probability when S makes 
an allowed transition and A makes a forbidden, quad­
rupole transition, we insert into Eq. (5) the absolute 
square of the matrix element 1 (H1)12 computed from 
the second bracket of Eq. (6). Before inserting 1 (HI) 12 
however we average over all orientations of R. This 

process results in 

4 
+-[ 1 (XaYa) 12+ 1 (YaZa) 12+ 1 (ZaXa) 12J 

3 

8 
--[ 1 (Xa2

) (Ya2
) 1 + 1 (Ya2

) (Za2
) 1 

21 

+1 (Z})(Xa2)IJ}, (21) 

where, as before, we omit exchange terms. The usual 
expression for the quadrupole transition probabilities 
are given in terms of the double dot product of the 
dyadic27 

1 (N)/2= 1 (X2) 12+ 1 (y2) 12+ 1 (Z2) 12 
+21 (xy)12+21 (YZ)12+21 (ZX)12. 

By summing 1 (HI) 1 A,2 and 1 (N a) 12 over all D and S 
states we obtain the numerical relation between their 
matrix elements, 

ge4a 
(I (H1)[2)A,=-1 (r.)1 2 1 (Na ) 12, (22) 

4R8K2 

where a= 1.266. Thus we obtain the transfer probability 
from Eqs. (5) and (22): 

x {f dw.'p.'(w.') 1 (r8(w.', w.' -E) 12} 

X { f dWaPa(Wa) 1 (N a(Wa, W a+ E) 12 }. (23) 

We may relate the quantities in the brackets in Eq. (23) 
to either absorption or emission data as in Sec. III. 
The first quantity, referring to the sensitizer, can be 
expressed either as in Eq. (12) or as in Eq. (15), de­
pending on whether or not the decay time T. is known 
and meaningful. The quadrupole matrix elements should 
properly be expressed in terms of absorption curves, 
but unfortunately there is little hope of obtaining such 
data for the following reasons. The strength of a quad­
rupole transition is ordinarily weaker by a factor of 
(a/X)2 than an electric dipole transition, where a is the 
radius of the atom and X the wavelength of the ab-

27 E. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridge Umversity Press, Cambndge, 1935), p. 96. 
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sorbed light, or is weaker by a factor ,,-,10-7. Since the 
absorption coefficient resulting from a ten percent im­
purity with an allowed transition is of the order 1()4 
cm-t, ten atomic percent of the activator with a for­
bidden, quadrupole transition will have an absorption 
coefficient of only 10-3 per cm and thus will not be 
measurable. We may relate the matrix elements to the 
emission band, however, since decay times of the order 
(1o-S)/ (10-7) = 0.1 sec can easily be observed. The 
spontaneous emission probability27 is related to / (N) /2 
through the relation, 

(24) 

where we have included the effects of the medium and 
of broadening as in Eq. (11). Using Eqs. (22), (12), and 
(23), we find 

1357rali9cs ga'( S ) 4jJs(E)Fa(E) 
P.a(dq) = - - dE. (25) 

4n6R sT sTa ga K1Sc ES 

If T. is not obtainable or significant, we may use Eq. 
(15) instead of Eq. (12), with the result 

135ah6c6 Q. 
P.a(dq) = -

47rn4Rs Ta 

Again it should be recalled that these line strengths are 
given only approximately by Q. and Ta for the same 
reason as that given following Eq. (15); that is, the 
strengths should be properly expressed in terms of T. 

and Qa if these parameters were known. Note the in­
verse eighth-power dependence on R. 

The ratio of the dipole-quadrupole transfer probabil­
ity to the dipole-dipole probability is found from Eqs. 
(25) and (16) to be (45a/4r) (nA/R)2Ta(d)/ra(q), where 
we have made use of Eqs. (12) and (14). Now a quad­
rupole radiative transition [compare Eqs. (24) and 
(12)J has a probability of the order (a/X)2 times that 
for a dipole transition. Inserting Ta(d)/Ta(q)"-' (a/X) 2, 

we find P.a(dq)/P.a(dd) to be of the order (a/R)2, which 
amounts to only an order of magnitude or so reduction 
for close neighbors. We see therefore that resonance 
transfer can easily occur from a sensitizer to a nearby 
activator if the latter has a quadrupole transition in the 
suitable frequency range; on the other hand, direct 
absorption of radiation in the activator occurs with a 
probability only "-'10-7 of that in an impurity with an 
allowed transition. 

The dependence on concentration is found as in the 
last section. We define l' through the relation P.a(dq) 

FIG 2. Quantum yield for dq transfer as a function of the re­
duced concentration y of the activator, as in Fig. 1. Typical 
atomic concentrations are shown on the upper abscissa scale. 
Note the more rapid variatIOn of fiT' with concentration in the dq 
case than in the dd case. 

00 e-llt 

fiT'=y i --dt. 
o 1 +tS/3 

(27) 

(27') 

The integral has been evaluated numerically as a func­
tion of y and is shown in Fig. 2. Since concentrations 
Xa higher than 1 percent may be of interest in the dq 
transfer,- it is not permissible to replace exp± (xaC+vo) 
by unity in the general case, and consequently fiT is not 
a function of y alone in part of the range of interest. 
Figure 2 shows therefore the function fiT' (y), and for 
high concentrations (xa> 1 percent), fiT will require the 
indicated corrections. If we accept fiT' = t as the 
criterion for appreciable transfer, we find again that 
y=0.65 determines a critical concentration, xa*=0.65/ 
I'C+. In a typical case [Eq. (25)J we may expect E=5 
ev, n6=13, Ta=O.1 sec, ga'/ga=5, fJ.(E)Fa(E)dE 
= 1/(3 ev), and C+= 2.25X 1022 cm-3, so that l' becomes 
3XI0-21 cm3 and Xa is 0.96XI0-2. Thus S may be ex­
pected to sensitize about 100 sites. As is to be expected 
from the stronger R dependence in the dq case, fiT' is a 
somewhat more rapidly varying function of Xa in the 
dq case than in the dd case. The discussion of the tem­
perature dependence given in the last section is also 
applicable to dq transfer. 

One final remark should be made regarding the func­
tion Fa (E), the absorption shape function for A. This 
function cannot be determined directly from experi-
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ment because the absorption cannot be observed. Some 
idea as to its shape may be inferred in some cases from 
that of the observable emission band, but the energy 
of its center will still be unknown. The calculation of 
F a (E) is a difficult task, but some qualitative success 
may be expected from application of the methods of 
Lax, Huang and Rhys, Williams, and others.28 

V. EXCHANGE EFFECTS AND ADDITIONAL 
FORBIDDEN TRANSITIONS 

We shall be concerned in this section with effects of 
the electron spin and shall therefore write out explicitly 
the matrix element of HI in terms of the wave functions 
1/;(r, 0')= lP(r)x(O'), where x(O') are the spin wave func­
tions. 

(HI)= f 1P.'*(rl) lPa*(r2)HIlPs(rl) lPa'(r2) 

X x.'*(O'lh* a(0'2h8(0'Iha'(0'2) 

-f 1P.'*(rl) lPa*(r2)HIlPa'(rl) 1P8(r2) 

X xs'*(O'lha *(0'2ha'(0'Ih.(0'2)' 

The first term in (HI) is the Coulomb term with which 
we have been concerned in the last two sections. Since 
in the approximation of Eq. (6) HI does not operate on 
the x's, we see the previously mentioned selection rule 
against spin-flip transitions, i.e., unless x.' = x. and 
Xa=Xa', the first integral vanishes. Thus all our results 
so far are applicable only to transitions in which all the 
spins are unchanged. The second integral is an exchange 
integral with HI = e2 / "'12. Ignoring the x's for the mo­
ment, we see that this integral merely represents the 
electrostatic interaction between the two charge clouds 
Q' (rl) = 1P.'*(rl) lPa' (rl) and Q(r2) = lPa * (r2) 1P8 (r2) j since 
each function IP dies off exponentially with distance 
from S or A, it is clear that each product Q will be very 
small throughout all space unless S and A have small 
separation. If the separation is small, both functions Q 
will be sizeable in the same region of space, namely, 
between S and A where '12 is small j thus the integral 
fQ' (rl) (1/'12)Q(r2)drI2 may well be sizeable (for small 
R) even though the overlap integrals fQ(r)dr, which 
enter in normalization, are negligibly small. 

Let us now look at the selection rules in the exchange 
integrals. Unless X.'=Xa' and Xa=X8 the integral van­
ishes. However x' is not necessarily equal to x, so that 
the spin functions on both atoms may change simul­
taneously. If such a transition is forbidden on S (or A) 
by the Pauli principle, however, the spin function on 
A (or S) may not change either. 

Other selection rules occur in the exchange integrals 
over the spatial variables, but in each case they forbid 
only specific transitions and do not preclude all transi­
tions in any symmetry class. Thus, although all Cou-

28 See M. Lax, ]. Chern. Phys. 20, 1752 (1952) for further 
references. 

lomb integrals may vanish, exchange will allow trans­
fer to and excitation of A by all types of allowed and 
forbidden transitions, including, for example, L = 0 to 
L=O transitions. 

The transfer probability by the exchange mechanism 
may be written in the form 

P8a(ex) = (27r/h)Z2 f j.(E)F a(E)dE, (28) 

where Z2, a quantity that cannot be directly related to 
optical experiments, is defined by 

(29) 

Note that the IP'S and Q's are normalized over space 
(and not on an energy scale) so that Z2 has the dirp.en­
sions of energy squared. The separation and concen tra­
tion dependences are hidden in Z2, which varies approxi­
matelyas Y(e4/,,2R02) exp( -2R/ L), where L is an effec­
tive average Bohr radius for the excited and unexcited 
states of the atoms S and A, and Y is a dimensionless 
quantity «1 which takes account of the cancellation as 
a result of sign changes in the wave functions. If Sand 
A occupy nearest like lattice sites in an ionic crystal 
such as N aCl, a typical transfer time would be of the 
order 10--10 _10--11 seconds j if S and A occupy second 
nearest like lattice sites, the probability would be re­
duced by a factor of the order of 10--2• In insulators with 
large dielectric constants the excited state wave func­
tions may extend over very large volumes, so that Q' is 
sizeable even for R of the order 2 or 3 Ro j nevertheless 
the ground-state wave functions are relatively little 
influenced by the dielectric constant, are much more 
compact, and make Q negligibly small for R,....,2Ro. Thus 
it seems unlikely even in a crystal of large" that ex­
change may transfer excitation energy farther than the 
shell of third nearest like lattice sites. The NaCl struc­
ture contains, in the first shell, 12, in the second shell, 
6, and in the third shell, 24 like lattice sites. Thus prob­
ably about 40 is an upper limit for the number of sites 
sensitizable by the exchange mechanism, or in other 
words the exchange mechanism is slightly less efficient 
than is dq transfer. 

Another type of transfer mechanism may be investi­
gated by including magnetic fields in the Hamiltonian. 
We may thereby obtain transfer by an electric dipole­
magnetic dipole (em) process. The probability for this 
process will be seen to be negligibly small compared to 
that for exchange transfer when exchange is allowed by 
the spin selection rules. 

The most important term in HI involving the mag­
netic field is of the form 

eh 
-H· (raX Va+iO'a) , 
2mc 
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where H is the magnetic field at A due to the motion of 
charge at S. The largest term in H is of the order 
(e/c) RXv./R3, or (eh/mc)RXV./R3. Thus (H1) has 
the magnitude (eW/2m2c2R2) (V.) or, since <V.)=mE 
(r.)/h2

, we find 

1 (H1 (em) 12/ 1 (H1 (dd) 1 2,..., (e2/hc)4E2/ (e2/ R)2. (30) 

For nearest neighbors therefore the em transfer prob­
ability is of the order 10-8 times that for the dd process, 
or of the order 104 sect, and is clearly negligibly small. 

VI. HOST-SENSITIZATION 

From the viewpoint of the theory of solids, sensitiza­
tion by the lattice itself rather than by impurities is the 
more interesting type, since such experiments are in 
principle capable of yielding information characteristic 
of the pure lattice, specifically information about ex­
citons. Most of what has been said in the last four sec­
tions is likewise applicable to host-sensitization, except 
for the obviously nonvalid assumption that XB is small 
enough that S-S transfers do not occur. In general the 
transition in S will be an allowed, electric dipole transi­
tion as before; however, with concentrations X B equal 
to unity a magnetic dipole transition in S having a 
probability ,...,10-5 that of an allowed transition will give 
rise to an absorption coefficient of the order 10 per cm, 
so that appreciable radiation may be absorbed in a 1-
mm thick crystal. In the latter case of course the trans­
fer mechanism from S to S is by exchange, and similarly 
from S to A. If S has an allowed transition the transfer 
mechanism will usually be a dd process from S to Sand, 
depending on the degree of forbiddenness of the transi­
tion in A, either a dd process, a competition between dq 
and exchange, or exchange from S to A. For the same 
reasons as previously mentioned, transfer from A to S 
will in many case~ be highly improbable because of 
relaxation effects. 

It is important to distinguish between two types of 
exciton propagation from S to S. In one case, where the 
transition in S is strong, with an oscillator strength of 
order unity, the jump time is of the same order as, or 
shorter than, nuclear readjustment times, namely, 10-13 

sec [see Eq. (16)J; in this case step 2 in Sec. II, i.e., 
lattice relaxation, does not occur, and S' remains in 
resonance with all other S atoms so that P B • is not 
greatly influenced by the temperature. (With the 
effective mass of the exciton independent of T and its 
kinetic energy proportional to kT for high T, its ve­
locity and hence reciprocal jump time vary as Ti, after 
the exciton becomes thermalized.) For this type of trans­
fer the use of configurational coordinates, based on the 
adiabatic approximation, is not justified.29 Thus the 
exciton travels rapidly through the lattice, being scat­
tered frequently by lattice vibrations, until it is 
thermally decomposed,a° until it recombines optically 

2. R. Peierls, Ann. Physik 13, 90S (1932). 
30 Paul Leurgans, thesis, to be published. 

or thermally, or until it meets with an imperfection.21 

If the transition in A is in resonance with that in S, the 
probability of transfer to A is large, ,...,1013 sec-1 for 
nearest neighbors if A has an allowed transition, 
<: 1011 secl if not. In the former event there is likewise 
high probability for transfer back to some S before the 
occurrence of lattice relaxation which would end the 
transfer process. In the latter case the transfer prob­
ability P 8a will in general be less than, say, 10-1 or 10-2 

times the probability that the energy will be transferred 
to another S; on the other hand the distortion of the 
lattice associated with the presence of A may tend to 
keep the exciton in its vicinity, and of course if S-A 
transfer should occur, nuclear readjustments would 
have time to occur and would assist in preventing 
transfer back to an S atom. Both of these effects will 
tend to keep the efficiency of sensitization high. 

In the second type of propagation, where the oscil­
lator strength for the transition in S is small, nuclear 
readjustment will take place on S before transfer occurs. 
In this case P'B may be strongly temperature dependent 
(except at low T) since the excited atom S' in the re­
laxed lattice may be far from resonance with its neigh­
bors S. The exciton will in this case move with an effec­
tive mass characteristic of nuclear masses, and P BB may 
be reduced by many orders of magnitude from that for 
the other case discussed. If A is in resonance with the 
excited S in the relaxed lattice, however, P.a may still 
be of the same magnitude as above, namely, 1013 -1010 
sec1 depending on the forbiddenness of the transition. 

For either type of propagation S to S, the dependence 
of iir on Xa is complicated greatly by the existence of 
other mechanisms for destroying the excitons. If thermal 
annihilation is unimportant, we might expect iir to be­
come and remain close to unity for xa» the concentra­
tion of other imperfections x, since, experimentally, 
radiative processes in S are usually unimportant for x, 
as small as attainable. For appreciable transfer to occur 
when thermal processes are important, however, the 
concentration Xa must be sufficiently large that (xaC+)-l 
is as small as the diffusion length of the exciton. 

The temperature dependence of p.a is about the same 
as was discussed in Sec. III, with the added compli­
cation that with increasing temperature the trapping of 
the exciton around A becomes less probable. The tem­
perature dependence of p .. may be weak, as in the first 
type of S-S transfer above, or may be strong and com­
plicated as for p.a , in the second type. Botden12 has 
presented an interpretation of host-sensitization data on 
Sm-activated CaW04 and SrW04 along the lines of 
Kroger's arguments8 discussed in Sec. III. His in­
terpretation of the temperature dependence is as fol­
lows: At low temperatures he believes that only the 
radiative energy absorbed at the tungstate (S) sites 
nearest neighbors to the Sm (A) can be transferred to 
the Sm and that the transfer occurs without an activa­
tion energy. From all other W04 sites, he supposes an 
activation energy to be required in order to transfer to 
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the nearest W04 sites, so that at higher temperatures 
(S200K) the quantum yield increases. In order to ex­
plain the low temperature behavior Botden postulates 
ad hoc that in the S - A transfer the Sm is raised to an 
excited electronic state exactly in resonance with the 
W04 transition, from which it jumps to a lower excited 
electronic state and from which finally the Sm emits. 
An alternative interpretation may be made which 
avoids the above assumption and still fits the tempera­
ture data: The postulate of more than one excited elec­
tronic state is unnecessary since relaxation around the 
Sm will prevent back-transfer, and the assumption of 
precise resonance to explain the absence of a tempera­
ture dependence at low temperature is unnecessary since 
thermal broadening of absorption and emission lines is 
small in comparison with zero-point widths at low T. 

In the above system the oscillator strength for the 
transition in S is small, since the transition probability 
in the W04 group is ",,105 per sec. Thus the second type 
of S-S transfer is operative, and as we have seen 
above and in Section III, this type of transfer will also 
have a probability independent of T for low T. We might 
expect then a total probability of transfer from the ini­
tial tungstate ion to the Sm to depend on the tempera­
ture through a factor of the type exp- (W.a+nW •• )/ 
kT*, where n is the number of S - S transfers required. 
A simple dependence such as this is to be expected only 
when complicating factors of the type discussed in 
Section III are unimportant. 

VII. CONNECTION WITH EXPERIMENT 

Sensitized luminescence experiments on the simplest 
transfer mechanism discussed above, namely, the dd 
transfer mechanism, do not seem to have been reported 
in the literature for simple inorganic systems. Probably 
this experiment has been neglected for two reasons: 
(1) If A has an allowed transition, it can absorb radia­
tion itself and hence requires no sensitizer in order to be 
excited. It should be recalled, however, that the second 
reason for the practical interest in sensitization, namely, 
a double degradation of the energy, is still operative, 
so that, for example, the 2537 Hg line could be used to 
excite visible emission of short lifetime in the event 
that two sizeable Stokes' shifts (",,1 eveach) can be em­
ployed. (2) In some experimental systems there might 
be difficulty in distinguishing dd transfer from a cascade 
phenomenon. In the latter process, where a photon is 
emitted by S and reabsorbed by A, the quantum yield 
for transfer depends not on the concentration Xa alone 
but also on the size and shape of the system. Neglecting 
dd transfer, we find the quantum yield for transfer by 
the cascade mechanism is equal to 

where the average is performed over the linear dimen­
sion l of the sample. 1-7iT(C) is the probability that a 

photon emitted from S will leave the system. We neg­
lect S-S transfer of all types. Note that the critical 
concentration for this process varies inversely as the 
strength of the transition in A and inversely as the 
average size of the sample. See Eq. (20) for a compari­
son with dd transfer. The quantity xaC+l represents the 
number of activators per cm squared projected on a 
plane perpendicular to the path of the photon. In a 
spherical system of a given volume containing a given 
concentration Xa the quantum yield will be much larger 
than for the same system flattened out into a thin film. 
We found 7iT(dd) to be independent of the shape of the 
sample, or of its size. As an example to illustrate the 
orders of magnitude involved, let us consider a spherical 
sample of 1-mm radius, containing a concentration 
Xa = 3 X 10-4. Let us further assume the system to be 
characterized by those parameters given in Sec. III 
so that 7iT(dd) is equal to t. For convenience let us as­
sume that both !.(E) and u(E) are step functions each 
1 ev wide, and that they overlap by t ev. These specific 
assumptions are in agreement with the value of the 
overlap integral between emission and absorption as­
sumed in Sec. III. We find 7iT(C) to be !, as corre­
sponds to the circumstance that practically all of the 
radiation emitted in a frequency range which can be 
absorbed by A is absorbed, and all the rest is trans­
mitted. If the concentration Xa is increased to 3X10-a, 
7iT(dd) is increased to almost 1 (see Fig. 1), but 7iT(C) 
is still!. This example serves to illustrate the difference 
in the dependence of the two transfer mechanisms upon 
overlap of. emission and absorption. If the emission 
band of S were 1 ev wide and the absorption band of A 
were 3 ev wide and covered the S emission range, the 
overlap integral f !.(E)F a (E) dE would be unchanged, 
and hence 7iT(dd) would be unchanged. On the other 
hand the quantum yield 7iT(C) would now be >0.99 
for xa>3.1XI0-5. If the sphere were flattened out into 
a thin film, say 10-4 cm thick, 7iT(dd) would still be! for 
xa=3X 10-4, but 7iT(C) would be close to zero regardless 
of the particular shape of the overlap integrand. 

Thus the two distinctions between cascade and reso­
nant transfer occur in the dependence of the cascade 
transfer probability on the size and shape of the sample 
and on the details of the overlap of the absorption and 
emission spectra of A and S. Cascade effects can be 
made unimportant experimentally by dealing with thin 
samples of systems in which the overlapping of spectra 
is poor. For further discussion of this topic the reader 
is referred to reference 19(b), (c). 

A second point should be emphasized in connection 
with the dd transfer: Because of the high efficiency of 
the transfer mechanism, it should be possible to utilize 
as a sensitizer an impurity which, even when present by 
itself, will not luminesce appreciably because of com­
peting nonradiative processes. For example, let the 
thermal lifetime be denoted by TN, so that the quantum 
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yield for transfer becomes 

The value of the integral is given by Eq. (19) in which 
y is to be replaced by y(1+T8 /rN)-i. Hence if non­
radiative processes within S are one hundred times more 
probable than emission from S, a concentration x ten • a 
tl;nes lar~er than .the value of 3 X 10-4 obtained pre-
vIOusly wlll result ill efficient transfer. Thus though S, 
when present alone in the lattice, may luminesce with 
an efficiency as low as one percent, it may still serve as 
an excellent sensitizer for several hundred lattice sites. 
These considerations have only partial applicability to 
the dq and exchange processes. If T8/TN~102 concen-. ' tratIOns of the order ten percent are required for ap-
preciable transfer. 

An experimentally important process has so far been 
entirely neglected, i.e., concentration quenching.80a• Al­
though the precise mechanism for this process is not 
understood, it is nevertheless clear experimentally that 
quenching effects occur for concentrations Xa as large 
as those required for efficient transfer by means of the 
dq and exchange mechanisms. Thus it is impossible in 
many cases to isolate experimentally the S-A trans­
fer process from quenching phenomena. This circum­
stance is a further argument for the investigation of 
simple dd systems in attempting to understand sensi­
tized luminescence in general; such systems might con­
sist of impurities such as TI, Pb, Ag, Cu in the alkali 
halide lattices. 

One of the commonly used luminescent impurities is 
Mn, which exhibits visible emission in a wide variety of 
host lattices,6-11,31 as well as in manganese salts.8 ,32 

Klick and Schulman32 have compared the absorption 
spectrum of Mn++ in MnCb with the atomic absorp­
hon spectrum, and have correlated the levels in solids 
with the corresponding levels in the isolated atoms. 
This correlation shows a number of spin-flip and quad­
rupole transitions in the wavelength range of 2370-
SSOOA; these transitions are probably those of impor­
tance in the process of transfer to Mn when used as 
an activator. It seems probable that the Mn ion when 
excited by any of these transitions is able to undergo 
nonradiative transitions into the lowest excited elec­
tronic state, from which it emits with a large Stokes' 
shift. It is difficult in practice to distinguish transfer by 
the dq process from that by the exchange process (which 
alone may excite the Mn in a spin-flip transition) since 

30. A manuscript is in preparation discussing concentration 
9uenching from th~ point. of view of resonance transfer of energy, 
I.e:, S-S transfer, m ordmary s~stems c?~taining one impurity. 
It IS con~lude~ that S-S transfer IS the cntlcal process for systems 
of low dIelectriC constant and small Stokes' shift. 

31 F. A. Kroger, Luminescence in Solids Containing Manganese 
(Van Campen, Amsterdam, 1940). 
(1;5ij. C. Klick and J. H. Schulman, J. Opt. Soc. Am. 42, 910 

the critical concentration of Mn would be of the same 
order of magnitude for both processes and since the 
absorption shape Fa(E), and hence P8a, are unknown. 
quenchi.ng effects ,:ill also make difficult such a separa­
hon. If ill any parhcular case the critical concentration 
turns out to be ~ one percent, it would appear safe to 
assert that transfer is by the dq, rather than the ex­
change, process; if Xa is> two percent it might a priori 
be either mechanism if both types of levels were known 
to exist in the general energy region capable of exci­
ton by S. Critical concentrations of Mn of the order of 
three percent have been observed experimentally in 
CaSiOa:Pb+Mn911 and in Ca3(P04)2:Ce+Mn.9 Bot­
den and Kr6ger9 have assumed that transfer may occur 
o;nly to near~s~ neighbors and have accepted the rela­
tively low cntIcal concentration of Mn as evidence for 
the preferential formation of pairs Ce+ Mn and 
Pb+ Mn. Since transfer is not restricted to nearest 
neighbors, however, preferential pair formation is not 
necessarily indicated by these experiments. 

From host-sensitization experiments one hopes to 
obtain information on several aspects of excitons: (1) 
From the use of activators with measurable absorp­
tion spectra can be determined the amount of Stokes' 
shift, if any, within the host-sensitizer. Since most 
pure lattices do not emit, the above information is not 
obtainable by direct means. (2) By varying the con­
centration Xa the diffusion length of the exciton may be 
found. (3) If such measurements are made as a function 
of temperature, indirect evidence may be inferred as to 
the thermal processes of the exciton. (4) Experiments 
that utilize directly the detecting properties of the 
activator for excitons may readily be imagined. For 
example, assume that a suitable activator has been 
found, say in the course of experiment (1) above such 
that upon its introduction as an impurity som~ par­
ticular crystal becomes luminescent upon irradiation in 
the first fundamental absorption band. Then evaporate 
onto one face of a thin "perfect" crystal a layer of the 
same material containing the activator in high concen­
tration, irradiate the other face of the crystal in the 
first fundamental absorption band, and measure the 
resulting luminescence. For a crystal of thickness much 
greater than 10-6 cm essentially none of the incident 
light will remain unabsorbed, and if luminescence is 
observed on the back face (and if photoconductivity is 
absent) the excitons must have travelled through the 
crystal. Such an experiment is in principle capable of 
measuring directly the diffusion length for an exciton 
and if successful would be the first experimental proof 
of its motion. (The elegant experiments by Apker and 
Taft33 on alkali halides were performed with a concen­
tration of imperfections so large that, were there rea­
sons to doubt the motion of excitons, the same interpre­
tation21 which has been based on their motion could 

33.L. Apker and E. Taft, Phys. Rev. 83,479 (1951), and several 
earlier papers. 
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also be satisfactorily based on the nearness of every 
halide ion to a vacancy or F center.) 

The difficulty of the above experiment of course re­
sides in obtaining a "perfect" crystal sufficiently thin. 
An evaporated film would surely be so full of imperfec­
tions that the exciton's diffusion length would be less 
than or about the absorption depth of the incident light. 
If the diffusion length D in a good single crystal should 
be much larger than Heller and Marcus' estimate,20 
10"-4 em, a crystal could probably be cleaved and an­
nealed successfully, but if D is < 10-4 cm the experi­
ment must await new methods of preparation of perfect 
thin films. Since the interaction between excitons and 
ionic crystals is large,21,ao the experiment might best be 
performed with non-ionic materials. 

The most thoroughly investigated systems so far re­
ported are the tungstates of Cd and Zn and the tung­
state and molybdate of Ca, all activated with Sm.12 
The W04 and Mo04 ions are the sensitizers in these 
crystals. The interpretation by Botden and Kroger of 
the temperature dependence has been discussed above 
in Section VI, and modifications have been presented. 
Several tentative conclusions may be drawn from these 
experiments. With a radiative decay time of ",,10-5 sec 
in the W04 ion, or an oscillator strength of the order 
10-a, the exchange mechanism is probably the opera­
tive method for S-S transfer, and in the absence 
of relaxation effects, each jump time would be perhaps 
10-10 sec. However, the tungstate excitation and reflec­
tion spectra12 indicate that the tungstate absorption 
peaks at <2400A, whereas the emission occurs at 
4200A. Thus the lattice relaxation around the excited 
tungstate ion gives rise to a large Stokes' shift of 2.2 ev, 
throwing the excited tungstate ion far out of resonance 
with its neighbors. Consequently, we expect exceed­
ingly slow migration of the energy from S to S, and, 
since the exciton must arrive within two or three shells 
of the Sm for S - A trans'fer to occur, it is not surprising 
that the transfer yield is low ("-'5 percent) even for 
concentrations Xa as large as a tenth of a percent. The 
transfer to the Sm occurs by means of the short-range 
exchange mechanism since the transition within the Sm 
ion is forbidden, and that in the W04 ion is weak. That 
the Sm transition is a magnetic dipole transition is indi­
cated by the decay time of the Sm luminescence, 10-a 

sec, and by the weakness of the Sm absorption bands in 
the crystal. The relatively weak exchange mechanism 
is made still weaker by the poor overlap between the 
absorption of the Sm ion (centered at 36S0A) and the 
W04 emission (4200A). We nevertheless expect a much 

higher probability for energy transfer from W04' to a 
nearby Sm than from WO/ to W04 because of the 
large Stokes' shift in the tungstate ion. 

Subsequent to the preparation of this manuscript 
a paper by Botdena4 has appeared, containing new 
experimental results for the impurity-sensitized 
systems Caa(P04k Ce + Mn, Sra(P04k Sn + Mn, 
3Caa(P04)2CaF2:Sb + Mn, Ca2P20 7:Sn + Mn, and 
CaCOa: (Pb or Tl)+Mn. Botden has analyzed his re­
sults on the basis of resonant transfer from S to A 
and includes S to S transfer in his interpretation. Ex­
perimentally he finds that about 30 or 40 sites may be 
sensitized by S, in agreement with our expectations 
above on the basis of the exchange mechanism (in the 
absence of an allowed transition in the Mn). He also 
finds experimentally that S-S transfer may occur to 
one of the 150 nearest neighbors. Using Eq. (17) one 
may predict a critical separation of 23A. From the 
Caa(P04)2 molecular weight (310) and macroscopic 
density (3.14 gm/cma), the present writer estimates 
the cation site concentration to be 1.8X1022 em-a, and 
thus about 1000 sites to be within 23A of the sensitizer. 
Such a discrepancy, about a factor of 6, would be too 
large to overlook in a careful interpretation. Since 
Botden's determination of the number of sites depends 
on the zeroth, first and second derivatives of the ex­
perimental curves of transfer efficiency versus S concen­
tration, and depends in a complicated and unknown 
way on a number of drastic simplifying assumptions, 
it is probably not profitable to emphasize the dis­
crepancy at this time. 

In addition to the statistical analysis to obtain the 
number of sites sensitized by S, Botdena4 discusses the 
temperature dependence of the transfer probability 
along the same lines as in references 8 and 12. The same 
modifications are suggested here as were made to refer­
ences 8 and 12 in Sees. III and VI. 
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