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Spectral Intensities of the Trivalent Lanthanides and Actinides in Solution. 
II PmH Sm3+ EU3+ Gd3+ Tb3+ DyH and H03+* . , , , , , , 

W. T. CARNALL, P. R. FIELDS, AND K. RAJNAKt 

Chemistry Division, Argonne National Laboratory, Argonne, Illinois 
(Received 2 April 1968) 

We have correlated the experimentally determined band intensities in the solution absorption spectra of 
the trivalent lanthanides with a theoretical expression derived by Judd. The speetra were measured in a single 
medium, dilute acid solution, and, in most cases, in the range ",,6000-50000 em-I. In general, the cor­
relation between calculated and observed intensities was very good, even at higher energies. The variation 
of the intensity parameters over the series is discussed as is the somewhat unexpected degree of correlation 
obtained in the ultraviolet region. 

INTRODUCTION 

In the first paper of this series,! subsequently referred 
to as T, we discussed the correlation between calculated 
and experimentally measured intensities of bands in 
the solution absorption spectra of Pr3+, Nd3+, Er3+, 
Tm3+, and Yb3+ in three different solvents. The present 
communication is devoted to a consideration of the 
same type of correlation with all of the remaining 
trivalent lanthanides. It considerably extends and 
revises earlier preliminary results.2 The calculation of 
band intensities is based upon the theoretical treat­
ments derived by Judd3 and by Ofelt.4 

One of the major obstacles to this investigation was 
the paucity of information concerning the energy-level 
structure of those lanthanides which occur near the 
center of the series. Thus, it was necessary to first 
obtain sets of electrostatic and spin-orbit coupling 
parameters from which energy levels could be calcu­
lated in agreement with observed transitions before 
proceeding to the conclusion of the intensity study. 
The procedure adopted to obtain these parameters is 
discussed in an accompanying papers and in Ref. 6. 
For present purposes we assume that the parameters 
are known and that we can identify the transitions 
which give rise to lanthanide absorption bands through­
out the spectral range ",6000-S0 000 cm-t • We will 
examine the correlation between calculated intensities 
and those observed in a single medium, dilute acid 
solution, Le., for hydrated lanthanide ions. 

Since we have also refined the energy-level parameters 
for those lanthanide ions considered in T, the resulting 
modifications of the earlier intensity correlations will 
also be cited here. 

* Based on work performed under the auspices of the U.S. 
Atomic Energy Commission. 

t Present address: Kalamazoo College, Kalamazoo, Mich. 
I W. T. Carnall, P. R. Fields, and B. G. Wybourne, J. Chern. 

Phys. 42, 3797 (1965). 
2 W. T. Carnall and P. R. Fields, Advan. Chern. Ser. 71, 86 

(1967) . 
3 B. R. Judd, Phys. Rev. 127, 750 (1962). 
4 G. S. Ofelt, J. Chern. Phys. 37, 511 (1962). 

THEORETICAL CONSIDERATIONS 

The theoretical aspects of this study were discussed 
in T; consequently, only the principal relationships will 
be cited here. 

A consideration of the mechanisms by which intra-f­
electron transitions may occur shows that the intensi­
ties of the observed bands can be adequately accounted 
for by two processes. In a few cases, the transitions 
occur wholly or partially by a magnetic-dipole mecha­
nism. Such transitions follow the selection rules 

A.J:$1, AL=o, AS=O, and Al=O 

in the Russell-Saunders coupling scheme which is 
adopted here. Given the eigenvectors of the states 
involved, the magnetic-dipole intensities may be 
readily calculated.! The second and principal mechanism 
treats the transitions as being essentially (forced or 
induced) electric dipole in character. Both Judd3 and 
Ofelt4 were concerned with deVeloping expressions for 
the intensity which arises via the latter mechanism. 

Judd's result may be written in the form 

p= "'E'Jxu(f'# II U()..) IlfN~'J')2, 
A 

A=2,4,6, 

where P is the oscillator strength corresponding to the 
induced electric-dipole transition ~J~'J' at energy 
u (em-i) and U\).) is a tensor operator of rank A. The 
matrix elements of U(X) were calculated from formulas 
given in 1. The three quantities, 'Jx, are related to the 
radial parts of the 4fN wavefunctions, the wavefunctions 
of perturbing configurations of which the nearest is 
4fN- 1Sd, the refractive index of the medium, and the 
ligand-field parameters which characterize the environ­
ment of the ion. While in principle values of 'Jx could be 
calculated, we have treated these quantities as param­
eters to be determined from experimental oscillator 
strengths. 6 W. T. Carnall, P. R. Fields, and K. Rajnak, J. Chern. Phys. 

49, 4424 (1968); see following paper. 
6 W. T. Carnall, P. R. Fields, and K. Rajnak, Argonne Nat!. The measured intensity of an absorption band is 

related to the probability (P) for absorption of radiant 
4412 

Lab. Rept., ANL-7358, 1967. 
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TABLE I. Calculated magnetic-dipole oscillator strengths for the 3+ lanthanides." 

E.al. 
S'L'J' (em-I) b P' X lOS • 

Pr'I+ 3H6 
3F3 
3F, 
IG, 
41U/2 

'H9/2 
'F9/2 
2Gi/2 

21U/2 

61b 

6F, 
3H, 
5G, 
3G4 

315 

3B, 
aHu2 
aFa/1 

IF5/! 

'Gm 
'F1I2 

'CU2 

'Fb/ l 

4H7/2 

4Gs/l 
4Gs/2 

'G7/2 

(4H,2Gh/2 

7FI 

6DI 

6FI 
6P7/1 

aP6/2 

GD9/2 

6D7/2 
sDi /2 

2 322 
6540 
6 973 
9 885 
2 007 

12 738 
14 854 
17 333 
28 624 
1577 

14 562 
17 327 
20 181 
23 897 
27 916 
35 473 
1 080 
6 641 
7 131 

17 924 
18 832 
20014 
22 098 
28 396 
30 232 
42 714 
42 965 
44 237 

350 
19 026 
33 429 
32 224 
32 766 
39 779 
40 712 
40977 

9.76 
0.02 
0.49 
0.25 

14.11 
1.12 
0.20 
0.02 
0.05 

16.36 
0.08 
1.30 
0.26 
0.11 
0.23 
0.04 

17.51 
0.02 
0.08 
1. 76 
0.03 
0.05 
0.45 
0.67 
0.03 
0.02 
0.06 
0.04 

17.73 
1.62 
2.16 
4.13 
2.33 
0.03 
0.39 
0.20 

a Result. are recorded only for transitions in which P'>O.015 XlO-s. 
b The eigenvectors used in these calculations are those generated by 

the parameters for solution spectra recorded in Ref. 5 et seq. 

energy (oscillator strength) by the expression7 

P 2303mc2 f () 
= N 2 Ei U du 

1re 

=4.318XlO-9 f E.(u)du, 

where E is the molar absorptivity at the energy u (cm-I) 

and the other symbols have their usual meaning. It 
will be noted that in I a factor involving the index of 
refraction of the medium was improperly written as 
part of the experimental P, whereas it should only occur 
within the expression for ::\),. 

7 J. Hoogschagen, Physica 11, 513 (1946). 

S'L'J' 

7Fi 

5Gs 
5Gs 
6La 
sH7 

sHa 
sH6 

sFs 
6G6 

6H18/2 
4115/2 

411312 

4K17/2 

(4M,4J)li/2 

4MI7/2 

4K,S/Z 

4H13/2 

(4K, 'L)13/2 

(2K,2L)li/2 

4]16/2 

617 

3Ka 
3K7 
3L9 

3La 
3L7 

817 

411312 

2K15I2 

2K13/2 

2L17/2 

2[13/2 

8Hs 
116 

2F8/2 

E •• lc 
(em-I) b P' X lOS • 

2 112 
26 425 
27 795 
29 550 
31 537 
33 027 
33 879 
34 927 
41 082 
3 506 

22 293 
25 919 
26365 
29 244 
30 892 
31 795 
33471 
33 776 
38 811 
41 596 
5 116 

21 308 
26 117 
29 020 
34306 
38 022 
38 470 
6 610 

27 801 
33 085 
41 686 
43 717 
8 390 

34 886 
10400 

12.11 
5.03 
0.36 
0.14 
0.06 
0.46 
0.03 
1.87 
0.23 

22.68 
5.95 
0.41 
0.09 
0.69 
0.03 
0.12 
0.60 
0.37 
0.09 
0.03 

29.47 
6.39 
0.28 
0.12 
0.17 
0.04 
0.36 

30.82 
3.69 
0.11 
0.03 
0.12 

27.25 
1.40 

17.76 

• For dilute acid solutions of the lanthanides. it was assumed that 11 = 1.33 
in the expression Pmd =P'I1. 

At this point we can write 

Pexpt\=Pmd+Ped' 

For most observed bands, the transitions involved 
were not magnetic dipole in character, so the experi­
mental oscillator strength (Pexptl) could be equated to 
that calculated for an induced electric dipole transition, 
Ped. Where there was a significant contribution from 
Pmd, the calculated value was subtracted from P exptl, 
and the residual was equated to P ed. Calculated 
magnetic-dipole oscillator strengths for all of the 
3+ lanthanides considered here were obtained from 
Table I. The expression for P md, as discussed in I, is of 
the form 
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4414 CARNALL, FIELDS, AND RAJNAK 

TABLE II. Values of ::IA for the lanthanides in dilute acid. 

::I2X109 (em) ::I4XI0~ (em) ::16 X 109 (em) 

Pr3+ 42.0±91.8 7.4±3.2 41.2±3.8 
Nd3+ 1.20±0.41 6.44±0.36 10.2±0.s4 
Pm3+ 3.61±0.31 3.2s±0.48 s.42±0.27 
Sm3+ 1.17±1.12 s.32±0.3s 3.47±0.33 
Eu3+ 1.88 8.59 6.96±0.46 
Gd3+ 3.30±0.62 6.06±0.s3 6.1O±0.10 
Tbs+ 0.00s±0.04 9.26±2.96 4.45±0.29 
Dy3+ 1.93±s.23 4.44±0.21 4.46±0.28 
Ho3+ 0.47±0.18 4.05±0.21 3.96±0.21 
Er3+ 2.05±0.16 2.s1±0.24 2.4s±0.12 
Tm3+ 1.03±0.82 2.68±0.38 2.40±0.21 
Yb3+ 2.13 2.13 

where piX 108 is the quantity given in Table I and 
1/ is the refractive index of the medium. The calculations 
of P' were based upon the energy-level parameters for 
lanthanide aquo ions cited in Ref. 5. For dilute acid 
solutions, 1)= 1.33 was used in calculating Pmd• 

Sets of equations in the three ::lA parameters for a 
given lanthanide were subjected to a least-squares 
analysis to select the optimum values for ::lAo These 
values are recorded in Table II. The root-mean-square 
deviation (rms) of Pexptl and Peale was defined as 

[
sum of squares of deviations ]1/2. 

rms = 
number of levels-number of parameters 

ANALISIS OF DATA 

The experimental conditions and techniques were 
identical to those described in I; however, the process 
by which the data was analyzed has been modified. 

The spectra were recorded via digital read-out equip­
ment connected directly to the spectrophotometer, and 
analysis of the data was accomplished on a computer. 
Originally, we used a Gaussian function as the basis for 
resolution and curve fitting. Subsequently, it became 
clear that a function intermediate between a Gaussian, 
where tailing is not as great as that actually observed 
experimentally, and a Lorentzian, where tailing is 
excessive, would be useful. 

The modified Gaussian-Lorentzian function which 
was ,adopted had the form 

y= L exp - - --m ai [ 1 (X-b i )2] 
i=1 [(x-b i )/ci]2+1 k C; , 

where m=number of components in the band, a;=the 
peak height, b;=energy at which ai is observed, C; is 
related to the width of the peak, and k?:.. 0 and integral. 
It was found experimentally that use of the function 
with k=24 usually produced very good agreement with 
the area obtained independently by integration over 
the observed data points. 

RESULTS 

In an earlier attempt (1) to fit the experimental 
intensity data for Pr'l+ using Gaussian curves as a basis 
for integrating observed absorption bands, we found 
that ::l2 was particularly poorly determined. Subsequent 
recalculation of the data, using matrix elements based 
on a better energy-level fit and resolution of the bands 
based upon the Gaussian-Lorentzian function, has 
served to clarify some aspects of the problem. 

TABLE III. Oscillator strengths for Pr3+ (aq). 

Spectral region-
(em-I) S'L'J' Exptl 

sFs } 5 800- 7 700 12.79 
SF. 

9 100-11 000 IG. 0.32 
16 000-17 500 ID2 3.08 
20 200-21 000 apo 2.54 

aPI } 21 000-22 100 7.63 
lIe 

22 100-23 500 ap
2 15.06 

rms Deviation 

- Range encompassing observed band (s). 
b This fit included the six indicated bands. 3. = -309.6±147.6 XlO-'; 

3, = 17.28 ±6.66 X 10-'; 3, = 32.22 ±9.09 X 10-'. 
• This fit included data for five bands; the band extending from 5800 to 

8 W. F. Krupke, Phys. Rev. 145, 325 (1966). 

PXIQ6 

HClOcDC1O. 

Caleb 

14.09 

0.67 
2.18 
6.88 

4.14 

12.49 
3.7XI0--6 

Calce 

41.12 

1.32 
4.45 
2.99 

7.27 

14.64 
1.3XIQ-1 

PrCI.d 
Exptl 

0.34 
3.12 
2.52 

6.66 

14.6 

7700cm-' was not included. :I.=42.0±91.8XlO-'; 3.=7.4±3.2XlO-t ; 

:I. =41.2 ±3.8 XI0-t • 

d Reference 10. 
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TABLE IV. Oscillator strengths for N d3+ (aq). 

PXIQ6 

HCIO.-DCIO. 
Spectral region-

(em-I) S'L'J' Exptl 

5 600- 6 900 411612 0.49 
11 000-12 000 'F3/2 2.56 

'F6/2 } 12 000--13 000 8.84 
2H9/2 

'S1I2 } 13 000-14 200 8.90 
'Fm 

14 200-15 200 'F9/! 0.65 
15 600-16 200 2HU/2 0.15 

'GD/! } 16 600-18 200 9.76 
2(;7/2 

2KIu } 18 600-20 200 4Gr12 7.01 
'GD/2 

'K~ ) 2(;9/2 
20 200-22 400 2.33 

(ID,2F)II! 
'GU12 

23 100-23 500 ·P1/2 0.41 
23 500-24 200 2Dol2 0.09 
26 000-26 500 (2P,2D).I! 0.03 

'D312 

) 
'Dol! 

27 600-29 800 2111/2 9.42 
'Dlls 
2LID!2 

211312 } 29 800-31 300 'D712 2.70 
sL17lz 

31 300-32 300 2H9/2 0.13 
2Da;s } 33 000-34 000 0.33 
2Hu/2 

34 000-34 900 tD.!! 0.28 
38 200-40 000 2F61S 0.18 

rms Deviation 

• Range encompassing observed band (5). 
b The parameters used to obtain these values are given in Table II. 
e Reference IO. 

We were not able to resolve the complex band due to 
transitions to the 3Fa and 3F4 levels near 6700 cm-I, 
but the ap_l] group was resolved into components due 
to apo, 3P2, and to the combined apl+l]6 transitions. 
Thus the parameters ::II. were determined by a fit to a 
minimum of six bands (Table III). 

It was found that large matrix elements of U(4) and 
U(6) for the 3F3 and 3F4 transitions together with values 
for ::14 and ::16 calculated from results in the visible region 
of the spectrum predicted much more intensity near 
6700 cm-1 than was actually observed. When data for 
the 6700-cm-1 band was included in the fitting process, a 
negative value was calculated for ::12• Within the frame­
work of the problem this is the only mechanism to 
compensate for the excessively large oscillator strengths 

NdCls° Nd(CIO.)ad 
Caleb Exptl Exptl 

0,28 
2.34 3.02 2.3 

8.62 9.22 7.7 

9.50 8.88 7.6 

0.72 0.83 0.51 
0.19 0.39 0.14 

9.88 10.5 8.3 

5.35 6.58 5.8 

1.39 2.31 1.9 

0.55 0.38 0.30 
0.05 0.08 0.06 
0.04 0.05 0.02 

10.29 9.52 9.8 

0.15 2.36 1.7 

0.17 0.76 

0.48 0.60 

0.13 0.76 
0.09 1.9 

5.8XlO-7 

d D. C. Stewart. Argonne Nat!. Lab. Rept. ANL-4812, 1952. These 
results are quoted in Nouueau TraiU de Chimie Minh-ale, P. Pascal, Ed. 
(Masson & Cie .. Paris, 1959), Vol. 7, Pt. 2. 

computed from ::14 and ::16, No additional weighting 
factors were employed in obtaining the indicated fit. 

In fitting the experimental data for Pr3+ in LaFa, 
Krupke8 obtained good agreement between observed 
and calculated intensities for the infrared portion of 
the spectrum and a poor fit (values of Pealo that were 
too small) to the observed intensities due to aP1+1]6 
and ap2• Thus, in effect, the results were similar to 
those obtained in solution, and we conclude that 
Judd's theory cannot fully account for the intensity 
relationships in Pr3+. Since we were able to satisfactorily 
fit the energy-level scheme, the problem is not one of 
poorly determined electrostatic and spin-orbit param­
eters. Clearly it is possible to force a good fit on the 
bands observed in solution in the visible-near-infrared 
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4416 CARNALL, FIELDS, AND RAJNAK 

region and argue that the resulting poor' fit to the 
sP-If group is related to the proximity of the excited 
r-Id configuration.9 However, the resulting parameters 
involve a negative value for :32, which is inconsistent 
with Judd's theory. 

Recalculation of the intensity parameters for Nd3+ 
based on more extensive experimental data and on an 
improved energy-level fit to the bands observed in 
solution has only slightly modified the values we 
reported in 1. It is characteristic of the spectrum of 
many of the trivalent lanthanides that the 4JN--+4fN 
transitions in the ultraviolet region are superimposed 
upon the tail of a much more intense absorption.lO •n 

Thus, any intensity measurements involving f--+f 
transitions in the ultraviolet normally require that a 
backgroup absorption be subtracted. The correction, 
particularly for weak bands such as are observed in 
the Nd3+ spectrum in the region 30000-50000 cm-I, 
imparts a rather large probable error to the experi­
mental values obtained. Nevertheless, the correlation 
between observed and calculated oscillator strengths 
up to 40000 em-I (Table IV) is satisfactory in practi­
cally every instance. The notable exception is the 
band near 30500 cm-I , where for reasons that are not 
apparent the observed intensity is much greater than 
that calculated. 

Pm3+(j4) 

We were only able to obtain reproducible intensity 
measurements for Pm3+ to ",21000 em-I, although 
weaker bands were observed between 21 000 and 
25 000 em-I. Beyond 25 000 cm-I, no bands were 
observed above the very large background absorption, 
due primarily to products of radiation decomposition 
of the solutions.12 

A comparison of observed and calculated oscillator 
strengths is given in Table V. Over the limited region in 
which reproducible measurements could be made, the 
correlation is very good. 

Aside from the relatively intense bands in the near 
infrared, most of the transitions in Sm3+ give rise to 
rather weak absorption maxima.1l The level density is 
very high in the visible-ultraviolet regions. On the 
basis of the assignments made, and the resolution of 
complex groups, it was possible to obtain the intensity 
correlation shown in Table VI. At energies > 30000 
cm-I, only very weak bands are observed. 

g M. H. Crozier, Phys. Rev. 137, A1781 (1965'. 
10 J. Hoogschagen and C. l Gorter, Physica 14, 197 (1948). 
11 C. V. Banks and D. W. Klingman, Anal. Chim. Acta 15, 

356 (1956). 
12 W. T. Carnall, P. R. Fields, and G. E. Toogood, J. Phys. 

Chern. 68, 2351 (1964). 

Eu3+(j6) 

Europium is the only trivalent lanthanide in which 
the ground term has J = O. This forces special restric­
tions on the induced-electric-dipole transitions which 
arise from the ground level. Thus, the Judd-Ofelt 
theory predicts zero intensity for those transitions 
which terminate in levels where J' is odd or zero. In 
addition, for even values of J', no intensity is calculated 
except for /...=11.1. Thus, the only matrix elements of 
U('-) which are nonzero for the transition 7Fo--+7F2 are 
those for U(2). The spectrum of Eu3+ observed at 250 is 
actually much more complex than the preceding dis­
cussion implies,1l since it includes transitions arising 
from the TFI and 7F2 levels which lie near 350 and 1000 
cm-I, respectively. These levels are thermally populated 
at room temperature. 

In aqueous solution we could only measure spectra at 
>6000 cm-l

• Thus, transitions from 7Fo,l,2 to com­
ponents of the 5D multiplet give rise to the lowest­
energy bands within the experimental range. An 
extremely weak band was detected near 17 300 cm-1 

and attributed to 7Fo--+5Do.I3.I4 Since this transition is 
forbidden by both electric- and magnetic-dipole selec­
tion rules, the slight observed intensity must be the 
result of a very weak J mixing by the crystal field. A 
band at 19028 cm-I was attributed to 7Fo--+7DI • In this 
case, the selection rules forbid an electric-dipole but 
allow a magnetic-dipole transition. As shown in Table 
VII, the experimental and calculated results are in 
good agreement. The magnitude of the band centered 

TABLE V. Oscillator strengths for Pm3+ (aq). 

PXlOe 

Spectral HCIO.-DCIO, 
region-

S'L']' 
Pm (CIO,).o 

(cm-I ) Exptl Caleb Exptl 

12 000-12 600 6FI 0.77 0.63 2.5 
12 600-13 200 6F2 1.94 1.93 3.2 
13 200-14 000 6Fa 3.76 4.00 4.6 
14 000-14 400 5S2 2.38 1.97 3.0 
14 400-15 200 5F, 2.29 2.29 2.8 

BF5 } 15 700-16 300 0.42 0.46 2.5 
BKe 
8K7 

1 
3H. 

16 600-18 800 5C2 10.93 10.89 10.4 
5~ 
aKa 
'H5 } 19 400-21 100 BC. 2.57 2.56 5.5 
BCa 

rms Deviation 2.02 X 1()-'1 

- Range encompassing observed band (s). 
b The parameters used to obtain these values are given in Table II. 
e See Table IV. Footnote d. 

13 L. G. DeShazer and G. H. Dieke, J. Chern. Phys. 38, 2190 
(1963) . 

14 F. Bayer-Helms, Z. Naturforsch. 13a, 161 (1958). 
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TABLE VI. Oscillator strengths for Sml+ (aq). 

PXl06 

HClO,-DClO, 
Spectral regiona 

(em-I) S'L'J' Exptl Caleb 
Sm(NOa)a° 

Exptl 

5 600-- 6 500 

6 500-- 6 800 
6 800-- 7 600 
7 600-- 8 600 
8 800-- 9 800 

10 200--11 000 

17 600--18 200 

18 700-19 300 
19 800--20 300 

20 300--21 300 

21 300--22 000 

22 000--22 200 

22 200--23 400 

24 400--24 700 

24 7oc:i-25 500 

25 500--26 200 

26 400--27 200 

27 200--28 100 

28 100-28 600 

28 600--29 800 

rms Deviation 

a Range encompassing observed band (s). 

6HI5J2 

6F3/2 

6F512 

6F7I2 

6F9/2 

sFU/2 

'G512 

'Fall 
'G712 

'I9/2 

'MI512 

4Iu/2 

4I13/2 

'MU /2 

'G9/2 

4I15/2 

'£tall 
'F7/2 
SPal2 

} 

} 

0.26 

0.97 
1.70 
2.74 
1.97 
0.31 

0.030 

0.009 
0.52 

1.53 

0.68 

0.03 

0.39 

0.43 

3.84 

0.42 

1.06 

1.23 

0.06 

0.80 

b The parameters used to obtain these values are given in Table II. 
o Reference 10. 

at 21 519 cm-I, together with the calculated matrix 
element of U(2) for 7F~5D2' determine a value of 32 

which is consistent with that for other lanthanides. An 
extremely weak absorption at 24 408 em-I, identified 
with the forbidden 7Fo---,>5D3 transition, is attributed 
toJ mixing. 

0.26 

0.99 
1.84 
3.00 
1.98 
0.32 

{

0.0230 

0.0121 
0.001 
0.62 

0.54 

0.34 

{

0.0060 

0.0101 

0.13 

0.31 

3.80 

0.11 

1.26 

1.03 

{

0.0090 

0.0201 

0.67 

2.91XIQ-7 

) 

1.70 
0.33 

0.036 

0.061 

1.26 

0.68 

0.02 

0.33 

4.90 

0.30 

1.05 

0.90 

d See Table IV. Footnote d. 

1.99 
0.30 

0.057 

0.076 

1.38 

0.64 

0.08 

0.40 

4.15 

0.31 

1.02 

1.26 

1.08 

• Calculated magnetic·dipole oscillator strength (Table 1). 
I Calculated electric-dipole oscillator strength. 

In addition to the foregoing, several bands at higher 
energies were identified with transitions from 7Fo.6.15 

All of the oscillator strengths given in Table VII are 
for transitions which originate in TFO and which were 

15 W. T. Carnall, P. R. Fields, and K. Rajnak,]. Chern. Phys. 
49, 4450 (1968). 
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TABLE VII. Oscillator strengths for Eu3+ (aq). 

PX10S 

HCIO, 
Spectral rangea EuCI,o Eu(CIO.)ad Eu(NOahe 

(cm-1) S'L'J' Exptl Caleb Exptl Exptl Exptlf 

17 000-17 400 fiDo 0 0 ~.01 

t4£ 18 900-19 100 5D[ 1.4 1.5 10 ",1.3 
Oh 

21 4O~21 600 sD. 2.1 2.1 0.9 90 "'1.3 
5Da 

25 100-25 600 5Le 177 178 158 190 
5G. 
5L, 
5G, 

fG'} 26 400-27 000 5Gs 43 56 
sG6 

sLs 
27 500-27 800 sD, 17 17 

sL9 

sLlo 
sH, 
sH, 
sH, 
sHs 

31 40~32 350 511s 73 80 
'Po 
5F. 
SF, 
sFI 

SF, 
51, 
sFs 
(51,511). 
51s 
(51,SHls 

51, 
sKs 

37 30~37 600 5Ks 22 19 
'PI 
5K, 
5G. 
5Ks 

38 900-39 100 ('K,3I). 8.2 8.8 
rms Deviation 2.3XI0-s 

a Range encompassing observed band (s). 
b The parameters used to obtain these values are a factor of 1.546 smaller 

than those recorded in Table II. 
o Reference 10. 
d See Table IV, Footnote d. 
• Reference 14. 

relatively well resolved from identifiable components 
arising from 7Fl and 7F2• In fitting the data, it should 
be noted that while J 6 was well determined, the values 
of both J 2 and J4 were determined from single transi­
tions. 

For purposes of comparison with the results for other 
lanthanides, it was necessary to correct the values of 

f Corrected to the present experimental conditions (25°). 
• Calculated magnetic·dipole oscillator strength (Table I). corrected 

to the experimental conditions C./CT ~O.647, where C./CT is the fraction 
of transitions arising from the 7Folevel. 

h Calculated electric·dipole oscillator strength based upon energy-level 
parameters given in Refs. 6, 1 S. 

J}. calculated from the experimental data for Eu3+, 
This correction arises since at 25° the observed oscillator 
strengths are a function of Co, the concentration of 
Eu3+ ions in the ground-state 7Fo, and this is only a 
part of the total Eu3+ ion concentration, CT, Thus, 
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where CT= 2:::CJ, CJ is the concentration of atoms in the 
initial TFJ level with energy EJ, and gJ=2J+1,I4 We 
neglect terms for J> 2. 

From the experimental results in solution we obtain 
E1-Eo=360 ClIlt, E2-Eo=1020 cm-I, and we can 
calculate cT/co=(eo+cl+c2)/eo=1.546. Instead of 
applying the foregoing to the experimental oscillator 
strengths in Table VII, an equivalent correction can be 
made directly to the values of :h. Thus the values of 
3x given in Table II are a factor of 1.546 greater than 
those used to calculate oscillator strengths for com­
parison with the experiment in Table VII. 

Gd3+(f) 

The 4J1 configuration of Gd3+ represents a half-filled 
shell of equivalent electrons. It can be shown that to a 
first approximation neither the ground state nor the 
excited states should be split by a crystal field.I6 Indeed, 
the absorption spectrum as observed in solution is com­
prised for the most part of extremely sharp bands, all 

TABLE VITI. Oscillator strengths for Gd3+ (aq). 

Spectral region· 
(em-I) S'L']' 

PX1()G, HCla, 

ExptI Caleb 

t 055C 
32 100-32 300 sP1l2 0.073 

0.013d 

r031e 
32 700--32 900 sP./2 0.041 

0.005d 

33 300-33 500 ePa/2 0.0014 ",0 
35 800-36 100 61112 0.121 0.112 

SID/I} 
36 100-36 450 0.845 0.877 

sIu/! 

SIll"} 36 450-37 400 II lI/l 1. 914 1.918 
'11./2 

39 400-40 400 8DD/2 0.078 0.093 

'~'l ID7/2 r0080 
40 500-41 200 0.082 

8DI !s 0.130d 

sDs/! 

49 000-49 400 (8(;, 'Fhl! 0.121 0.149 

~912} 49 400-50 400 IGU/I 0.903 0.765 
8(;6/2 

8G3/2 

51 100-51 700 6~1/2 0.639 0.459 

rms Deviation 2.5XI0--8 

• Range encompassing observed band (s). 
b The parameters used to obtain these values are given in Table II. 
• Calculated magnetic-dipole oscillator strength (Table I). 
d Calculated e1ectric-dipole oscillator strength based upon energy-level 

parameters given in Refs. 6. 17. 

18 B. G. Wybourne, Phys. Rev. 148, 317 (1966). 

TABLE IX. Oscillator strengths for TbH (aq). 

PX 107, HClO, 
Spectral regions 

(em-I) 

20 000-21 200 

25 900-27 600 

27 600-28 950 

28 950-30 200 

30 400-30 900 

30 950-32 000 

32 500--33 500 

33 600-34 100 

34 400-35 800 

rms Deviation 

S'L']' Exptl 

0.52 

8.46 

7.46 

3.04 

0.37 

2.02 

1.20 

0.18 

5.05 

a Range encompassing observed band(s). 

Caleb 

0.21 

r07d 

7.61e 

7.61 

4.03 

0.32 

1.85 

1.41 

0.47 

5.32 

6.4XlO-s 

TbC!,-
Exptl 

'"'-'0.04 

5.7 

b The parameters used to obtain these values are given in Table II. 
o Reference 10. 
d Calculated magnetic-dipole oscillator strength (Table I). 
• Calculated electric-dipole oscillator strength. Based upon energy-level 

parameters given in Refs. 6. 18. 

of which occur in the ultraviolet region of the spectrum. 
Transitions from the ground state to three different 
multiplet groups 6P, 61, and 6D are normally observed, 
but those to 6p and 6D result in very weak absorption 
bands.2 In addition, we have been able to discern bands 
arising from transitions to components of the 6G multi­
plet near 50 000 cm-1•6•17 

For purposes of parameter fitting, the situation in 
Gd3+ is somewhat similar to that in Eu3+. Bands arising 
from transitions to 6p and 6D determine the value of 
32, whereas 34 and 36 are independently determined by 
transitions to 6G and 61, respectively. 

The correlation between the observed intensities of 
the bands arising from transitions to 6P7/ 2 and 6P6/2, 

and their calculated magnetic-dipole oscillator strengths, 
is of particular interest. As shown in Table VIII, P md 

accounts for essentially all of the observed intensity. 
This is consistent with the very weak electric-dipole 
intensity calculated for these transitions. 

17 W. T. CarnaIl, P. R. Fields, and K. Rajnak, J. Chern. Phys. 
49,4443 (1968). 
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TABLE X. Oscillator strengths for Dy3+ (aq). 

PX10s 

Spectral range­
(em-I) S'L'J' 

HCIOc DCI04 
Exptl Calc b 

Dy(N03)ae 
Exptl 

5 500-6400 

7 000-8 400 

8400-9 800 

9 800-10 400 

10 400-11 700 

11 700-12 900 

12 900-13 600 

20 400-21 600 

21 700-22 600 

23 000-24 000 

24 600-26 800 

27 000-28 200 

28 200-29 200 

29 200-30 100 

30 100-32 400 

sF712 

6F5!2 

6Fs/2 

(F9/2 

} 
} 

) 
~1fp:1Dh/21 
sPa/2 

4111/2 

6P7I2 

(OM, '1)16/2) 
(4F,4Dh/2 

'19/2 
4G9/2 

sP." 
'M'7i2 
('G, 2F) 7i2 

35 800-36 200 (4G,4Hh. 

rms Deviation 

1.14 

1.10 

2.97 

0.11~ 

2.74) 

1.55 

0.33 

0.21 

0.44 

0.16 

2.38 

2.85 

4.36 

0.39 

2.59 

1.43 

0.05 

- Range encompassing observed band(s). 

1.17 

3.55 

3.38 

2.62 

1.19 

0.23 

0.20 

{

0.08d 

0.42· 

0.10 

2.34 

1.84 

4.24 

{

O.Old 

0.23· 

1.36 

1.23 

0.04 

2.05X1O-7 

2.76 

3.04 

1.61 

0.38 

0.19 

0.34 

0.11 

2.54 

2.67 

b The parameters used to obtain these values are given in Table II. 
o Reference 10. 
d Calculated magnetic-dipole oscillator strength (Table I). 
• Calculated electric-dipole oscillator strength. 

Tb3+(j8) 

Intensities in the solution absorption spectrum of 
Tb3+ could only be measured reproducibly at <36000 
cm-1 since at higher energies the 4f-+4f transitions are 
superimposed on more intense absorption bands which 
arise from 4f~4fN-15d transitions.u·I8 It was necessary 
to treat most of the observed bands as composites in­
volving several transitions, as shown in Table IX. 
Normally, this procedure would make it possible to 
calculate all three parameters, ::h., since a sufficient 
number of independent groups were resolved. However, 
in the case of Tb3+, none of the observed transitions 
were strongly dependent upon the matrix elements of 
U(2). As a consequence, :h was poorly defined, but 
nonetheless was shown to be very small. 

Dy3+(9) 

Many of the more intense transitions in Dr are 
well identified, and their intensities could be measured 
with a high degree of reproducibility. Calculated and 
experimentally determined oscillator strengths are 
compared in Table X. There is appreciable general 
absorption in the ultraviolet region of the DyH spec­
trum.ll This results in a considerable error in the areas 
determined for bands at > 35 000 cm-I, and no measure­
ments were possible beyond ",43 000 cm-I . 

The value of ::l2 given in Table II was determined 
after excluding the intensity data for 6F9/2 and 6Hu /2 

at 7700 cm-1 from the averaging process. As can be seen 
from Table X, the matrix elements of U(A) for these two 
transitions, taken with the values of ::l4 and ::lo, which 
were well determined, gave a calculated oscillator 
strength that was much larger than observed. By 
including the results for 6F9/2 and 6Fll/2 in the fit, ::l2 was 
forced to assume a negative value. The magnitude and 
sign of ::lA were effectively determined by the very large 
value of the matrix element of U(2) for the transition to 
7Fu/2• The best "fit" resulted from making ::l2 negative 
to correct for the excess oscillator strength calculated 
from the matrix elements of U(4) and U(6). 

H03+(jlO) 

It was possible to obtain at least a reasonable 
estimate of band intensities in H0 3+ to ",45000 cm-I, 
and it was found that in many complex bands the 
intensity is due almost entirely to one transition. 
Experimental and calculated oscillator strengths are 
shown in Table XI. In general the correlation is very 
good. The discrepancy in the band at 31 000 em-l may 
be partly experimental since the subtraction of an 
arbitrary background in the case of such a broad 
absorptionll is subject to considerable error. 

ErH(jll) 

The present intensity data for ErH, given in Table 
XII, represents a considerable extension of the results 

18 W. T. Camall, P. R. Fields, and K. Rajnak, J.Chem. Phys. 
49, 4447 (1968). 
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TABLE XI. Oscillator strengths for Hos+ (aq). 

Spectral range" 
(em-I) 

8 000- 9 000 ~IG 

10 800-11 400 'h 

13 000-13 500 61. 

15 000-16 000 ~F6 

18 000-19 200 

20 900-21 600 

21 600-23 200 

~S2 

aKs 

6Go 

6Fl 

S'L']' 

23 400-24 600 (GG,8Gh 

25 000-26 400 

27 200-28 500 

28 500-29 600 

} 

} 
} 

(BF, aH, BG). } 
29 600-30 500 

aKG 

30 500-31 600 6G2 

Exptl 

1.07 

0.22 

0.02 

3.76 

5.23 

1. 78 

1.43 

6.00 

3.14 

1.03 

3.24 

0.83 

0.80 

0.13 

aDa 
32 900-33 200 } ...-0.02 

• Range encompassing observed band (s). 

PXl()6 

Caleb 

1.46 

0.27 

0.02 

3.62 

5.07 

1.66) 
0.08d 

1.920 

6.11 

3.05 

0.65 

2.53 

1.09 

0.95 

0.01 

0.02 

HoClso 
Exptl..l 

...-0.05 

4.77 

4.81 

3.09 

7.66 

4.0 

",1.8 

"'2.3 

b The parameters used to obtain these values are given in Table II. 
o Reference 10. 

reported in I; however, the re-evaluation of band 
intensities has modified only a few of those given 
earlier. The new values for :JA are slightly larger than 
originally computed and are also better determined. 
In the ultraviolet range, the poor fit to the intense band 
near 40000 cm-tll may be in part experimental. 
However, since the whole of the intensity can be 
unequivocally attributed to one transition (4D7/2) 
the indication is that the calculated matrix elements of 
either U(4) or U(6) or both are too small. We note that 
the matrix elements for the corresponding transition in 
Nd3+ were also apparently too small. 

Tm3+(f12) 

It was not possible to significantly extend the results 
reported in I for Tm3+, since accurately reproducible 

Spectral range" 
(em-I) 

33 600-34 600 

34 600-35 500 

35 500-37 400 

37 500-39 700 

S'L'J' 

} 
(6G, 6D, 8G), } 

(aF,8G). 

a{an, 6D, IG), ) 
BFs 
lLs 
(aH, sGh 

(3P,IDh 
3L7 

aIr I 
41 100-41 800 caF,6D), 

41 800-42 200 6D2 

42 700-43 200 } 

44 400-45 900 ) 
rms Deviation 

PXl()6 

HClO,-DClO. 

ExptJ Caleb 

1.01 1.30 

2.72 3.01 

2.59 2.41 

0.54 0.32 

2.54 2.70 

0.20 0.13 

0.10 0.08 

0.37 0.21 

2.87XIQ-7 

HoClso 
ExptJ 

d Calculated magnetic-dipole oscillator strength (Table I). 
• Calculated electric-dipole oscillator strength. 

experimental data in the ultraviolet region of the spec­
trumll could not be obtained. An improved energy-level 
fit, upon which the calculation of the matrix elements of 
UtA) was based, and the experimental observation of one 
additional absorption band, were the principal factors 
responsible for the differences between the calculated 
oscillator strengths given in Table XIII and those 
computed in I. 

Yb3+(f13) 

For the single f~f transition in Yb3+, Judd's ex­
pression can be reduced to the equation 

p= (0"/196) (3J2+ 1004+21J6). 

We note from Table II that for each of the heavy 
lanthanides the values of J4 and :J6 are nearly identical 
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TABLE XII. Oscillator strengths for Er3+ (aq). 

PXIOS 

HCIOrDCIO. 
Spectral range" ErCla° 

(em-I) S'L'J' Exptl Caleb Exptl 

6 200- 7 000 411312 2.19 
rO.41d 

h.98-
9 400-10 800 41U/2 0.84 0.66 0.50 

12 000-12 900 '19/2 0.29 0.35 0.34 
14 800-15 800 'F'/2 2.25 2.36 2.37 
18 000-18 700 'Sa/2 0.66 0.62 0.83 
18 700-19 800 2HIlI2 2.89 3.26 2.91 
20 000-21 100 'Fm 2.27 2.43 2.22 

'Fo/2 
} 1.25 21 800-23 000 1.20 1.31 

4FS/2 

24 100-25 100 (2G, 'F, 2Hhl2 0.80 0.92 0.74 
25 800-27 100 'GU12 5.92 5.76 
27 100-27 700 'G.;2 1. 75 1.56 

2K1Oi2 
} 0.91 r05d 

27 700-28 400 
2G7/2 0.99-

31 300-31 900 (2P, 2D, 'Fh'2 0.091 0.083 
2K131! 

} 0.12 32 700-33 600 4(;,/2 0.12 
2P1/2 

33 600-34 500 'Gm 0.21 0.19 
34 500-35 200 2D&/2 0.14 0.12 
36 100-36 900 (2H, 2G) 9/2 0.44 0.29 
38 300-38 700 2D6/2 0.14 0.16 

38 700-40 200 'D7/2 10.2 5.68 
rms Deviation 1.43XlO-7 

• Range encompassing observed band (8) • 
b The parameters used to obtain these values are given in Table II. 
e Reference 10. 
d Calculated magnetic-dipole oscillator strength (Table 1) • 
• Calculated electric-dipole oscillator strength. 

and :h<:34• Thus, neglecting:32 under the above circum­
stances should not lead to a large error since the first 
term would be expected to contribute < 1/11 of the 
total due to :32, :34, and :36, Before calculating :34 ( =:38), 
the total observed oscillator strength of the 2F7/2 

band, as shown in Table XIV, was corrected for the 
contribution due to magnetic-dipole absorption. Thus 
we obtain the estimate 

:J4=:J6 =2.13XlO-9 (cm), 

which is essentially the same as was adopted in 1. 

CONCLUSIONS 

For the tripositive lanthanides the Judd-Ofeh 
theory has been shown to be applicable even in the 
near-ultraviolet region of the spectrum. In this range 
one might have expected it to break down, since the 
approximation made in the derivation, that the energy 
difference between configurations is much greater than 
the transition energy, becomes less valid. Actuall}:, the 

approximation is probably more valid than it first 
appears. In the absence of large deviations from LS 
coupling, interaction only occurs between levels of the 
same spin in two interacting configurations. Since the 
levels of both jN and jN-ld tend to be ordered by spin, 
with the highest spin multiplicity lying lowest, the 
approximation of a constant energy difference between 
interacting levels is nearly valid even when considering 
levels near 40 000 cm-1 in the f' configuration. 

The theory appears to be unable to fully account for 
the observed intensities in the case of Pr, and minor 
discrepancies have been noted for isolated bands in 
other lanthanides. In the case of Pr3+, perturbing states 
in the 4f'-15d configuration are only "-'so 000 cm-1 

above the ground level,9 so the assumption relative to 
energy differences is admittedly weak at this point. 
Indeed, one might expect an even more pronounced 
recurrence of this effect at Tb3+, where the lowest term 
of 4f'-15d is found near 38000 em-I. An examination 
of the structures of the rand fd configurations, how­
ever, reveals that this is not the case. In LS coupling, 
the two lowest multiplets of fd are expected to be 9D 
and 7D, which result from the coupling of a d electron to 
the 8S ground state of p. In the case of Gd2+ these 
are spread by approximately 1500 cm-1 each, and their 
centers are 8000-9000 cm-1 apart.I9 The structure is 

TABLE XIII. Oscillator strengths for Tm3+ (aq). 

PXI08 

HClO,-DClO • 
Spectral regiona 

(em-I) 
TmCla° 

Exptl Caleb Exptl S'L'J' 

5 600- 6 300 3F, 1.08 1.40 

7 700- 9 200 3H6 r37d 
1.67 

1.46-
12 000-13 600 aH, 2.12 1.92 1.98 

'Fa 
13 800-15 500 

SF. 
3.91 3.97 3.18 } 

20 600-22 100 IG. 0.71 0.45 "'0.45 
27 300-29 100 ID, 2.38 2.30 

lIe 
34 100-35 900 

"Po 
0.84 0.89 } 

35 900-37 400 sPl 0.56 0.83 
37 400-39 700 ap. 3.281 2.25 

rms Deviation 2. 59X 10-7 

• Range encompassing observed band(s). 
b The parameters used to obtain these values are given in Table n. 
• Reference 10. 
d Calculated magnetic-dipole oscUlator strength (Table I). 
• Calculated electric-dipole oscillator strength. 
1 This value was not included in the parameter fitting process since a 

large error was associated with determining background absorption in this 
region. 

11 W. R. Callahan, J. Opt. Soc. Am. 53, 695 (1963). 
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expected to be similar for Tb3+. The band at 38000 
cm-1 must arise from transitions from j87Fa to rd 9D. 
One would then expect, by analogy with Gd2+, that the 
transition tord 7D would appear at 46 000-47 000 cm-1 

which agrees well with the band which is observed 
at 4S gOO em-I. 

The crystal-field interaction which mixes j8 with rd 
is independent of spin. Thus, since there are no nonet 
states in f8, it cannot be affected by rd 9D. The only 
septet in f8 is the ground multiplet, 7Fj consequently, 
this is the only mUltiplet which can be affected by 
f1d 7D. The higher states of rare ",,30 000 cm-1 above 
the 8S. The next higher states ofrd are expected to lie 
at least 2S 000 em-I above 9D and 7D or about 6S 000 
cm-I • These are then the first states which could 
interact with the quintets of j8. Thus, even though the 
lowest states of rd occur at relatively low energies in 
Tb3+, they can affect only the 7F multiplet. This 
multiplet lies in the infrared and was not considered in 
the intensity calculation. We conclude that while the 
proximity of jN-id states could contribute to the poor 
intensity correlation obtained in case of ptH-, similar 
arguments would not apply for Tb3+. Consequently, it 
is not surprising that the theory accounts as well for the 
Tb3+ results as it does for any of the other cases. 

In examining the intensity correlations it is useful to 
recall some of the restrictions that were built into the 
calculations. In particular, it is possible to derive the 
selection rule ATS>', where >'=2, 4, 6. For >.=2, 
AT S2, i.e., for transitions in which AT> 2, the matrix 
elements of U(2) will vanish. Clearly, ::12 will in general 
be the most poorly determined parameter, since a 
majority of transitions will involve AT> 2. ::14 will be 
determined by AT S 4, and ::Ia by AT S 6. Thus, the latter 
will be the best determined parameter. No forced 

TABLE XIV. Oscillator strength for YbH • 

PXl()11 

DClO. 
Spectral region- YbCIa° 

(em-I) S'L'J' Exptl Caleb Exptl 

r24d 
9400-11 300 2F612 3.74 3.86 

3.47' 

a Range encompassing observed band. 
b The parameters used to obtain this value are given in Table I!. 
• Reference 10. 
d Calculated magnetic-dipole oscillator strength (Table I). 
e Calculated electric-dipole oscillator strength. 

electric dipole intensity is expected for transitions 
where AT> 6.4 

Examination of the parameters in Table II, con­
sidering the selection rules just cited, indicates that 
only a limited number of transitions in aqueous solution 
are at all influenced by the value of ::12. Most of the data 
fitting involved only two parameters, ::14 and ::Ia• With 
the exception of ptJ+, the magnitude of ::Ix does not 
appear to change appreciably ·across the series, although 
there is some decrease with increasing Z. These results 
for J4 and::le are consistent with the trend calculated by 
Krupke8 using free-ion radial wavefunctions. The 
parameters J2 and::la for PtH- are essentially an order of 
magnitude larger than the average for the series. 

The parameters comparable to ::Ix, reported by 
Krupke8 for spectra observed in crystals at room tem­
perature, appear to be of the same order of magnitude 
as the present values of ::Ix. The intensities for PtH­
and for Nd3+ in LaFa are apPFOximately ito i of those 
observed for the same transitions in solution, but the 
intensity patterns are quite similar. Comparison of the 
spectra of lanthanides in a Y203 matrix with the results 
in solution is not as straightforward because of the very 
large crystal-field splitting reported for the oxide 
crystal. However, the oscillator strengths are com­
parable in magnitude. 

We conclude that the intensity aspects of lanthanide 
absorption spectra in aqueous solution can be predicted 
to a good approximation on the basis of two parameters, 
J, and ::Ie. The additional parameter, J2, becomes impor­
tant for only one or two bands in each ion. These bands 
are, however, identically those that show the hyper­
sensitivity to medium effects that was discussed in I for 
lanthanides in, for example, molten nitrate salt solu-
tions. . 
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